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THE LOG MINIMAL MODEL PROGRAM FOR KA¨HLER
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Abstract. In this article we show that the Log Minimal Model Program
for Q-factorial dlt pairs (X,B) on a compact Ka¨hler 3-fold holds. More
specifically, we show that after a finitely many divisorial contractions and
flips we obtain either a (log) minimal model or a Mori fiber space. We also
prove a base point free theorem Ka¨hler 3-folds.
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1. Introduction
The minimal model program or MMP is one of the most important tools
in the birational classification of complex projective varieties. It was fully
established in dimension 3 in the 80’s and 90’s and recently extended to many
cases in arbitrary dimensions including the case of varieties of log general type
[BCHM10].
There are many technical difficulties in adapting the minimal model pro-
gram to compact Ka¨hler manifolds. Some of the standard techniques used in
the MMP for projective varieties fail for compact Ka¨hler manifolds, for ex-
ample, Mori’s Bend and Break technique for producing rational curves, the
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base point free theorem and the contraction of negative extremal rays fail on
Ka¨hler manifolds. Campana and Peternell investigated the existence of Mori
contractions in [CP97,Pet98,Pet01], using the deformation theory of rational
curves on smooth 3-folds developed in [Kol91, Kol96]. In [HP16], Peternell
and Ho¨ring successfully established the minimal model program for compact
Ka¨hler 3-folds X with terminal singularities and KX pseudo-effective. In a
subsequent paper [HP15] they also proved the existence of Mori fiber spaces
when X has terminal singularities and KX is not pseudo-effective. Moreover,
in [CHP16], Campana, Ho¨ring, and Perternell proved the abundance theorem
when X has terminal singularities.
In [HP16] the authors introduced many new tools which enabled them to
use several techniques from the projective MMP. Building on the work of
[HP16,HP15,CHP16], in this article we show that the minimal model program
on compact Ka¨hler 3-folds works in much greater generality. More precisely,
we show that this program holds for Q-factorial dlt pairs (X,B). The main
results of this article are the following:
Theorem 1.1. Let (X,B) be a dlt pair where X is a Q-factorial compact
Ka¨hler 3-fold. If KX +B is pseudo-effective, then there exists a finite sequence
of flips and divisorial contractions
φ : X 99K X1 99K . . . 99K Xn
such that KXn + φ∗B is nef.
This result is proved in [HP16] when X has terminal singularities and B = 0.
Theorem 1.2. Let (X,B) be a klt pair where X is a Q-factorial compact
Ka¨hler 3-fold. If KX + B is not pseudo-effective, then there exists a finite
sequence of flips and divisorial contractions
φ : X 99K X1 99K . . . 99K Xn
and a Mori fiber space ϕ : Xn → S, i.e. a morphism such that −(KXn + φ∗B)
is ϕ-ample and ρ(Xn/S) = 1.
This result is proved in [HP15] when X has terminal singularities and B = 0.
We note that one of the main difficulties in proving the above theorems is
proving the existence of divisorial contractions. In the pseudo-effective case,
the existence of flips and divisorial contractions to a point has already been
established by work of [CHP16], [HP16] and [DO19] (see Theorem 2.17), and
so it remains to prove the existence of divisorial contractions to a curve. This
is one of the key results of this article.
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Definition 1.3. [HP16, Definition 4.3 and 7.1][CHP16, Notation 4.1] Let X
be a normal Q-factorial compact Ka¨hler 3-fold with rational singularities.
• We say that a curve C ⊂ X is very rigid if dimmC Chow(X) = 0 for all
m ≥ 1.
• Let (X,B) is a log canonical pair. A (KX + B)-negative extremal ray
R of NA(X) is called small if every curve C ⊂ X with [C] ∈ R is very
rigid.
• An extremal ray R as above is called divisorial type if it is not small.
Notation 1.4. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Let R be a (KX + B)-negative extremal ray of NA(X) of
divisorial type. Let S be the surface which is covered by and contains all the
curves C ⊂ X such that [C] ∈ R (cf. [HP16, Lemma 7.5]). Let ν : S˜ → S
be the normalization morphism. Consider the nef reduction f : S˜ → T of
the (1, 1) nef class ν∗(α|S) (see [HP15, Theorem 3.19]). Note that since S is
covered by a family of α-trivial curves, the lift of these curves on S˜ gives a
family of ν∗(α|S)-trivial curves. Thus from the definition of nef dimension it
follows that dimT ≤ 1. We define the notation n(α) as the nef dimension of
ν∗(α|S), i.e.,
n(α) := nef dim(ν∗(α|S)) = dimT ∈ {0, 1}.
Note that when n(α) = 1, it follows from [BCE+02, 2.4.4] that the nef reduc-
tion map f : S˜ → T is a morphism.
Theorem 1.5. Let (X,B) be a Q-factorial dlt pair, where X is a compact
Ka¨hler 3-fold, and KX +B is pseudo-effective. Let R be a (KX +B)-negative
extremal ray of divisorial type supported by a (1, 1) nef class α such that the
nef dimension is n(α) = 1. Then the contraction cR : X → Y of R exists.
For an analogous contraction theorem, which applies when KX + B is not
pseudo-effective, see Theorem 4.14.
One of the main difficulties in proving a contraction theorem in the Ka¨hler
category is the lack of a base-point free theorem analogous to that of [KM98,
Theorem 3.3] in the projective case. Note that, an exact analogue of [KM98,
Theorem 3.3] is impossible on a compact Ka¨hler variety which is not projec-
tive, since the existence of a big divisor on a compact Ka¨hler variety with
rational singularities implies that it is projective by [Nam02, Theorem 1.6].
However, there is a base-point free conjecture in the Ka¨hler category involving
nef and big cohomology classes which can be thought of as an analogue of
[KM98, Theorem 3.3]. This conjecture is stated in [Ho¨r18, Conjecture 1.1] for
manifolds.
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Conjecture 1.6 (Base point freeness). Let (X,B) be a klt pair, where X is a
normal Q-factorial compact Ka¨hler variety. Let α ∈ H1,1BC(X) be a nef class
on X. If α − (KX + B) is nef and big, then there exists a proper surjective
morphism with connected fibers f : X → Y to a normal compact Ka¨hler
variety Y with rational singularities and a Ka¨hler class αY ∈ H1,1BC(Y ) such
that α = f ∗αY .
As an application of Theorem 1.1 and 1.2 and other related results we prove
this conjecture when X has dimension 3.
Theorem 1.7. Let (X,B ≥ 0) be a log pair, where X is a normal Q-factorial
compact Ka¨hler 3-fold. Let α ∈ H1,1BC(X) be a nef class. Assume that one of
the following conditions is satisfied:
(i) (X,B) is klt and α− (KX +B) is nef and big, or
(ii) (X,B) is dlt and α− (KX +B) is a Ka¨hler class.
Then there exists a proper surjective morphism with connected fibers ψ : X →
Z to a normal Ka¨hler variety Z with rational singularities and a Ka¨hler class
αZ ∈ H1,1BC(Z) on Z such that α = ψ∗αZ. Moreover, in case (ii) we can choose
ψ to be a projective morphism.
When X has terminal singularities, B = 0 and α − KX is a Ka¨hler class,
this theorem is proved in [Ho¨r18, Theorem 1.3] (when α is both nef and big)
and in [TZ18, Theorem 2.7] (when α is nef but not big). In fact our proof
is a direct generalization of the techniques in [Ho¨r18] and [TZ18] using more
general MMP results such as Theorems 1.1 and 1.2.
This article is organized is the following manner: In Section 2 we collect some
important technical results which are used throughout the article. In Section 3
we prove the existence of minimal model programs for pseudo-effective pairs,
more specifically we prove Theorems 1.1 and 1.5. Section 4 is dedicated to
developing the cone and contraction theorems for non pseudo-effective pairs.
These results are then used in Section 5 to prove the existence of the minimal
model program for non pseudo-effective pairs, more specifically, in this section
we prove Theorem 1.2. In Section 5 we also prove some partial cases of The-
orem 1.7, more specifically, the case where α is nef but not big, see Theorem
5.5 and Corollary 5.6. Finally, in Section 6 we prove the other remaining cases
of Theorem 1.7, more specifically, when α is both nef and big, see Theorem
6.4 and Corollary 6.5
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2. Preliminaries
For a normal analytic variety X and a Q-divisor B such that KX + B is
Q-Cartier, we define the singularities of the pair (X,B) as in [KM98]. Note
that throughout this article by a pair (X,B) we will always mean that X is
normal, B ≥ 0 is an effective Q-divisor such that KX + B is Q-Cartier. If
B is not effective, then we will call the corresponding singularities of (X,B)
sub-klt, sub-dlt, etc.
Definition 2.1. [HP16, Definition 2.2] An analytic variety or simply a variety
is an irreducible and reduced complex space. A variety X is Ka¨hler or a
Ka¨hler space if there exists a positive closed real (1, 1) form ω ∈ A1,1R (X)
such that the following holds: for every point x ∈ X
sing
there exists an open
neighborhood x ∈ U and a closed embedding ιU : U → V into an open set
V ⊂ CN , and a strictly plurisubharmonic C∞ function f : V → C such that
ω|U∩Xsm = (i∂∂¯f)|U∩Xsm .
In the following we collect some important definitions. For a more detailed
discussion, we encourage the reader to look at [HP16, HP15, CHP16] and the
references therein.
Definition 2.2. (i) A compact analytic variety X is said to belong to
Fujiki’s class C if one of the following equivalent conditions are satisfied:
(a) X is a meromorphic image of a compact Ka¨hler variety Y , i.e.,
there exists a meromorphic map f : Y 99K X from a compact
Ka¨hler variety Y (see [Fuj78, 4.3, page 34]).
(b) X is a holomorphic image of compact Ka¨hler manifold, i.e., there
is a surjective morphism f : Y → X from a compact Ka¨hler
manifold Y (see [Fuj78, Lemma 4.6]).
(c) X is bimeromorphic to a compact Ka¨hler manifold (see [Var89,
Theorem 3.2, page 51]).
(ii) On a normal compact analytic variety X we replace the use of Ne´ron-
Severi group NS(X)R by H
1,1
BC(X), the Bott-Chern cohomology of real
closed (1, 1) forms with local potentials or equivalently, the closed bi-
degree (1, 1) currents with local potentials. See [HP16, Definition 3.1
and 3.6] for more details. More specifically, we define
N1(X) := H1,1BC(X).
(iii) If X is in Fujiki’s class C and has rational singularities, then from
[HP16, Eqn. (3)] we know that N1(X) = H1,1BC(X) ⊂ H2(X,R). In
particular, the intersection product can be defined in N1(X) via the
cup product of H2(X,R).
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(iv) Let X be a normal compact analytic variety contained in Fujiki’s class
C. We define N1(X) to be the vector space of real closed currents of
bi-dimension (1, 1) modulo the following equivalence relation: T1 ≡ T2
if and only is
T1(η) = T2(η)
for all real closed (1, 1) form with local potentials.
(v) We define NA(X) ⊂ N1(X) to be the closed cone generated by the
classes of positive closed currents. The Mori cone NE(X) ⊂ NA(X) is
defined as the closure of the cone of currents of integration TC , where
C ⊂ X is an irreducible curve.
(vi) Let X be a normal compact analytic variety and u ∈ H1,1BC(X). Then u
is called pseudo-effective if it can be represented by a bi-degree (1, 1)
current T ∈ D1,1(X) which is locally of the form ∂∂¯f for some psh
function f . u is called nef if it can be represented by a form α with
local potentials such that for some positive (1, 1) form ω on X and
for every  > 0, there exists a C∞ function f ∈ A0(X) such that
α + i∂∂¯f ≥ −ω.
(vii) The nef cone Nef(X) ⊂ N1(X) is the cone generated by nef cohomology
classes. Let K be the open cone in N1(X) generated by the classes
of Ka¨hler forms. By [Dem92, Proposition 6.1.(iii)] (also see [HP16,
Remark 3.12]) it follows that the nef cone Nef(X) is the closure of K,
i.e. Nef(X) = K.
(viii) We say that a variety X is Q-factorial if every Weil divisor D ⊂ X,
there is a positive integer k > 0 such that kD is a Cartier divisor, and
for the canonical sheaf ωX , there is a positive integer m > 0 such that
(ω⊗mX )
∗∗ is a line bundle. It is well known that if X is a Q-factorial
3-fold and X 99K X ′ is a flip or divisorial contraction, then X ′ is also
Q-factorial.
Remark 2.3. Note that if D is a Q-Cartier divisor on variety X, then in al-
gebraic geometry we say that D is nef if D · C ≥ 0 for all C ⊂ X. But the
cohomology class of the current of integration of D is not necessarily nef in
the sense defined above. To avoid this sort of confusion, temporarily we will
call a Q-Cartier divisor D algebraically nef if D · C ≥ 0 for all C ⊂ X, and
D is analytically nef if the cohomology class of the current of integration as-
sociated to D is nef in the sense of Definition 2.2.(vii). Note that if X is a
compact Ka¨hler variety, then analytically nef implies algebraically nef but the
converse is not true in general, see [HP18, Page 385] for a counter example.
However, the following two lemmas show that these two versions of nefness are
equivalent in important cases– (i) X is a Moishezon space (see Lemma 2.4),
and (ii) X is a Ka¨hler 3-fold and D is an adjoint divisor (see Lemma 2.6).
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Lemma 2.4. [Pau98, Corollary 1, Page 418] Let X be a normal compact
Moishezon variety, i.e. X is bimeromorphic to a projective variety. Let D
be a Q-Cartier divisor on X. Then D is analytically nef if and only if it is
algebraically nef.
Remark 2.5. Note that one can prove the above lemma more generally for
R-Cartier divisors by passing to a resolution of singularities pi : X˜ → X
such that X˜ is a projective manifold and then use [DP04, Corollary 0.2] and
[Pau98, Theorem 1, Page 412].
Lemma 2.6. Let (X,B) be a dlt pair, where X is a Q-factorial compact Ka¨hler
3-fold. Assume that one of the following conditions is satisfied:
(i) KX +B is pseudo-effective, or
(ii) KX +B is not pseudo-effective and there exists a Ka¨hler form ω on X
such that KX +B + ω is pseudo-effective.
Then KX + B (resp. KX + B + ω) is analytically nef if and only if it is
algebraically nef.
Proof. If KX+B is pseudo-effective, then the result follows from a similar proof
as in [HP16, Corollary 4.2] and [CHP16, Corollary 4.1]. For a complete proof
in this case, see [DO19, Corollary 11.5]. In the second case, first replacing B
by (1−ε)B and ω by ω+εB we may assume that (X,B) is klt. Now if the base
of the MRC(C) fibration of X has dimension ≤ 1, then from Lemma 2.40 and
its proof it follows that X is projective and additionally NS(X)R = H
1,1
BC(X).
Then the result follows from Lemma 2.4 and Remark 2.5. If the base of the
MRC fibration of X has dimension 2, then the result follows by a similar proof
as in [HP15, Corollary 3.5]. Note that this proof uses [HP15, Lemma 3.4],
which is replaced here by the Claim 4.7.

Remark 2.7. If f : X → Y is a proper surjective morphism between normal
analytic varieties and dimY > 0, then we say that a Q-Cartier Q-divisor D
on X is nef over Y or f -nef if D ·C ≥ 0 for all (compact) curves C ⊂ X such
that f(C) = pt. Note that to be more precise we should call D, algebraically
nef over X or algebraically f -nef, however, by Lemma 2.4 it is equivalent to
analytically nef (over X) if f is a Moishezon morphism (see [GPR94, Definition
VIII.3.7(b), Page 334]). Since all the morphisms considered in this article are
Moishezon, e.g. projective morphisms, proper bimeromorphic morphisms, etc.
this will not create any confusion.
Let X be a normal variety and ω a real closed (1, 1) form on X local poten-
tials. Then we can define
λω ∈ N1(X)∗, via λω([T ]) = T (ω).
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This gives a well defined canonical map
Φ : N1(X)→ N1(X)∗, [ω]→ λω.
If in addition X belongs to Fujiki’s class C and has rational singularities, then
Φ is an isomorphism by [HP16, Proposition 3.9]. Moreover, if dimX = 3, then
Φ(Nef(X)) = NA(X) by [HP16, Proposition 3.15].
We recall the following useful result from [HP16] for future reference.
Lemma 2.8. [HP16, Lemma 3.3] Let f : X → Y be a proper bimeromorphic
morphism between normal compact complex spaces in Fujiki’s class C with at
most rational singularities. Then we have an injection
f ∗ : H1,1BC(Y ) = H
1(Y,HY ) ↪→ H1(X,HX) = H1,1BC(X)
whose image is given by
Im(f ∗) = {α ∈ H1(X,HX) | α · C = 0 ∀ C ⊂ X curve s. t. f∗C = 0}.
Furthermore, let α ∈ H1(X,HX) ⊂ H2(X,R) be a class such that α = f ∗β
with β ∈ H2(X,R). Then there exists a smooth real closed (1, 1)-form with
local potentials ωY on Y such that α = f
∗[ωY ].
The push-forward of a cohomology class [T ] of a bi-degree (1, 1) current T
with local potentials on X is not necessarily a cohomology class in H1,1BC(Y ),
since the current f∗T may not have local potentials on Y . The following
corollary gives a sufficient condition for when f∗[T ] is a cohomology class on
Y .
Corollary 2.9. Let f : X → Y be a proper bimeromorphic morphism between
normal compact analytic varieties in Fujiki’s class C with at most rational
singularities. Let T be a real closed bi-degree (1, 1) current with local potentials
on X such that [T ] = f ∗α in H1,1BC(X) for some (1, 1) class α ∈ H1,1BC(Y ). Then
[f∗T ] = α in H
1,1
BC(Y ).
Proof. Let η ∈ An−1,n−1(Y ) be a C∞ form on Y . Then by the projection
formula α · η = f ∗α · f ∗η = [T ] · f ∗η = T ∧ f ∗η = f∗T ∧ η = [f∗T ] · η. 
Remark 2.10. Note that if X is a compact Ka¨hler space and pi : X ′ → X a
projective morphism, then X ′ is again Ka¨hler (see [Var89, Prop. 1.3.1.(vi),
page 24]). In particular, X has a Ka¨hler desingularisation. A subvariety of a
Ka¨hler space is also Ka¨hler, see [Var89, Prop. 1.3.1.(i), page 24].
2.1. Resolution of Singularities. The existence of resolutions of singulari-
ties for analytic varieties and embedded resolutions is proved in [AHV77] and
[BM97]. Unlike the case of algebraic varieties (of finite type over a field),
for analytic varieties the resolution of singularities is not obtained via global
blow ups of smooth centers, unless the variety is compact. So for simplicity
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we will only state the resolution theorems here for compact analytic varieties.
For non-compact analytic varieties we encourage the reader to look into the
original papers.
Theorem 2.11 (Resolution of Singularities). [BM97, Theorem 13.4] Let X
be a compact analytic variety. Then there exists a projective bimeromorphic
morphism µ : X˜ → X from a smooth compact analytic variety X˜ satisfying
the following properties:
(i) µ is given by successive blow-ups of smooth centers of X contained in
the singular locus of X,
(ii) µ−1(X \Xsing) ∼= X \Xsing, and
(iii) the exceptional locus Ex(µ) is a simple normal crossing divisor on X˜.
Now let X be a normal analytic variety and D =
∑n
i=1Di is a reduced Weil
divisor on X. Then there exists a unique largest Zariski open subset U of X
contained in its smooth locus such that D|U is a simple normal crossing divisor
and codimX(X \ U) ≥ 2. The open set U is called the simple normal crossing
locus of the pair (X,D) and we denote it by SNC(X,D).
Theorem 2.12 (Log Resolution). [BM97, Theorem 10.7] Let X be a nor-
mal compact analytic variety and D =
∑n
i=1D a Weil divisor on X. Then
there exists a projective bimeromorphic morphism µ : X˜ → X from a smooth
compact analytic variety X˜ satisfying the following properties:
(i) µ is a sequence of blow-ups of smooth centers contained in X\SNC(X,D),
(ii) µ−1(SNC(X,D)) ∼= SNC(X,D), and
(iii) Ex(µ) is a pure codimension 1 subset of X˜ such that Ex(µ) + µ−1∗ D is
a simple normal crossing divisor.
Next we will state Chow’s lemma for analytic varieties due to Hironaka
[Hir75]. Note that unlike Chow’s lemma for algebraic varieties (finite type over
a field), in the analytic category it does not hold for arbitrary proper morphism
between analytic varieties, it only holds for proper bimeromorphic morphisms.
Before stating the theorem first recall that a locally compact topological space
X is called countable at infinity if it can be written as a countable union of
compact subsets. Clearly, any compact space X is countable at infinity.
Theorem 2.13 (Chow’s Lemma). [Hir75, Corollary 2] Let f : X → Y be a
proper bimeromorphic morphism between two complex spaces such that Y is
reduced and countable at infinity. Then there exists a bimeromorphic morphism
ν : X ′ → X such that the composition f ′ = f ◦ ν : X ′ → Y is projective.
2.2. MMP for Ka¨hler 3-folds. The following results are improvements of
the important results from [CHP16] and [HP16].
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Theorem 2.14. Let (X,B) be a log canonical pair, where X is a compact
Ka¨hler 3-fold, and KX+B is nef. Then KX+B is semi-ample, i.e. OX(m(KX+
B)) is generated by global sections for some m > 0.
Proof. See [DO19, Theorem 1.1]. 
Theorem 2.15. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Then KX +B is pseudo-effective if and only if κ(KX +B) ≥ 0.
Proof. See [DO19, Theorem 10.3]. 
Theorem 2.16. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. If KX + B is pseudo-effective, then there is a rational number
d > 0 and at most a countable set of curves {Γi}i∈I such that
0 < −(KX +B) · Γi ≤ d
and that
NA(X) = NA(X)KX+B≥0 +
∑
i∈I
R+[Γi].
Proof. See [DO19, Theorem 11.12]. 
Theorem 2.17. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold, and KX +B is pseudo-effective. Let R be a (KX +B)-negative
extremal ray supported by a nef and big class α. Then
(1) If R is small, then the contraction cR : X → Y of R exists and Y is a
compact Ka¨hler space.
(2) If R is divisorial and n(α) = 0, then the contraction cR : X → Y of R
exists and Y is a compact Ka¨hler space with Q-factorial singularities.
(3) If R is divisorial and n(α) = 1 and if one of the following conditions
is satisfied:
(a) X has terminal singularities and KX · C < 0, where R = R+ · [C]
for some curve C ⊂ X, or
(b) S has semi-log canonical singularities, where S is the unique sur-
face covered by curves with class in R.
Then the contraction cR : X → Y of R exists and Y is a compact
Ka¨hler space with Q-factorial singularities.
Proof. (1) follows from [DO19, Theorem 11.13].
(2) follows from [DO19, Theorem 11.15].
(3) follows from [DO19, Proposition 11.16].

Theorem 2.18. Let (X,B) be a dlt pair, where X is a Q-factorial com-
pact Ka¨hler 3-fold. Let X → Y be a KX + B flipping contraction, then the
flip X+ → Y exists so that X+ is a Q-factorial compact Ka¨hler 3-fold and
(X+, B+) is dlt, where B+ := φ∗B, and φ : X 99K X+.
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Proof. [CHP16, Theorem 4.3].

Theorem 2.19. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Then any sequence of KX +B flips is finite.
Proof. See [DO19, Theorem 5.1].

Proposition 2.20. Let (X,B) be a klt pair and f : X → Y a projective surjec-
tive morphism between two normal compact analytic varieties. If dimX ≤ 3,
then we can run a relative (KX + B)-MMP over Y which terminates with
either a minimal model or a Mori fiber space, according to whether KX + B
is pseudo-effective over Y or not. Moreover, if Y is a Ka¨hler variety and
X = X0 99K X1 99K · · · 99K Xn · · · are the steps of a (KX +B)-MMP over Y ,
then every Xi is a Ka¨hler variety for i ≥ 0; additionally, if ψ : Xn → Y ′ is a
Mori fiber space over Y , then Y ′ is also Ka¨hler.
Proof. Since f is projective, the (relative) cone and contraction theorems are
known due to [Nak87, Theorem 4.12]. Since dimX ≤ 3, the existence of
flips (over Y ) follows from [Sho92]. The termination of flips (over Y ) follow
from [Kol92, Theorem 6.11.(4.2)]. The proof of the fact that a (KX + B)-
MMP over Y terminates either with a minimal model or a Mori fiber space
according to whether KX +B is pseudo-effective over Y or not, works exactly
as in the algebraic case, since f : X → Y is a projective morphism. Now if
Y is Ka¨hler, then by [Var89, Proposition 1.3.1, page 24], X = X0 is Ka¨hler.
If gi : Xi → Zi is a contraction of a (KXi + Bi)-negative extremal ray of
NE(Xi/Y ), then from the relative base-point free theorem [Nak87, Theorem
4.10] it follows that the induced morphism hi : Zi → Y is projective. Then
again from [Var89, Proposition 1.3.1, page 24] it follows that Zi is Ka¨hler. If
gi is a flipping contraction and g
+
i : Xi+1 → Zi is the flip, then again Xi+1 is
Ka¨hler by the same argument. In the Mori fiber space case again by a similar
argument it follows that Y ′ is Ka¨hler.

Lemma 2.21. Let (X,B) be a klt pair, where X is a compact Ka¨hler 3-fold.
Then the following morphisms exist:
(1) a small projective morphism ν : X ′ → X such that X ′ is Q-factorial,
and
(2) a birational projective morphism ν : X ′ → X such that X ′ is Q-
factorial and (X ′, BX′) is a terminal pair such that KX′ + BX′ =
ν∗(KX +B).
Proof. (1) Let ν : X ′ → X be a log resolution of the pair (X,B). We may
assume that ν is a projective morphism. Write ν∗(KX +B) = KX′ +B′ −E ′,
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where B′, E ′ ≥ 0, ν∗B′ = B and B′ and E ′ have no common components.
Choose ε ∈ Q+ sufficiently small so that KX′ + B′ + εEx(ν) is klt. Next we
run a (KX′+B
′+εEx(ν))-MMP over X using Proposition 2.20. Replacing X ′
by the output of this MMP, we may assume that E ′ + εEx(ν) is nef over X.
Then by the negativity lemma, we have E ′+ εEx(ν) = 0 and hence ν is small.
Since X is Q-factorial and X ′ is the output of a MMP, then X ′ is Q-factorial.
For a proof of (2) first replace ν by a higher log resolution if necessary so
that X ′ contains all exceptional divisors E over X such that the discrepancy
a(E,X,B) ≤ 0. Then we run a (KX′ + B′)-MMP over X. Replacing X ′ by
the output of this MMP and applying the negativity lemma we obtain the
required result.

Lemma 2.22 (DLT Modification). Let X is be Q-factorial compact Ka¨hler
3-fold and (X,B) a log canonical pair. Then there exists a projective bimero-
morphic morphism f : (X ′, B′)→ (X,B) such that
(i) X ′ has Q-factorial terminal singularities,
(ii) (X ′, B′) is a dlt pair, and
(iii) KX′ +B
′ = f ∗(KX +B).
Proof. By [CHP16, Theorem 2.4], there is a dlt model g : (Xˆ, Bˆ) → (X,B)
such that KXˆ + Bˆ = g
∗(KX + B). So replacing (X,B) by (Xˆ, Bˆ), we may
assume that (X,B) is dlt. Let U ⊂ X be the largest open set such that
(U,B|U) is a simple normal crossing pair. Then codimX(X\U) ≥ 2. Let
f : (X ′,Θ′ ≥ 0) → (X, 0) be the terminalization of (X, 0) as in Lemma
2.21.(2) such that KX′ + Θ
′ = f ∗KX . Then f is an isomorphism over the
smooth locus of X; in particular f is an isomorphism over U . Set Z = X\U .
Now there is an effective divisor B′ := Θ′ + f ∗B on X ′ such that
KX′ +B
′ = f ∗(KX +B),
and (X ′, B′) is lc.
It remains to show that (X ′, B′) is a dlt pair. Let U ′ = f−1(U) and Z ′ =
X ′\U ′. Then (U ′, B′|U ′) is a simple normal crossing pair. If E is an exceptional
divisor over X ′ with center in Z ′, then its center in X is contained in Z. Hence
a(E;X ′, B′) = a(E;X,B) > −1. Therefore by definition (X ′, B′) is a dlt pair,
this completes the proof. 
Proposition 2.23. Let X is be a Q-factorial compact Ka¨hler 3-fold with klt
singularities and µ : X ′ → X a proper birational morphism. Then every fiber
of µ is rationally chain connected.
Proof. Let ν : X˜ → X be a log resolution dominating X ′. Then it suffices to
show that every fiber of ν is rationally chain connected. Thus replacing X ′ by
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X˜ and µ by ν we may assume that X ′ is smooth. We run a (KX′+Ex(µ))-MMP
over X via Proposition 2.20:
(2.1) X ′ = X ′0 // X
′
1
// · · · // X ′n.
Since X is Q-factorial and has klt singularities, we have X ′n = X. Let φi :
X ′ 99K X ′i and Ei be the push-forward of Ex(µ) by φi.
If fi : X
′
i → X ′i+1 is a (KX′i +Ei)-divisorial contraction of a divisor E in the
above MMP (2.1), then by construction E is contained in the support of Ei .
In this case fi is also a (KX′i + E)-divisorial contraction. Now by adjunction
KE +BE = (KX′i +E)|E and (E,BE) is a klt surface. Note that −(KE +BE)
is relatively ample with respect to the morphism fi|E : E → fi(E). It is well
known that E is relatively rationally connected, for example, see [HM07, Corol-
lary 1.3].
If instead we have fi : X
′
i 99K X ′i+1 a (KX′i +Ei)-flip, then the flipping locus
is contained in a component E of Ex(µ). Let F = E+(1−)(Ei−E) for some
0 <  1. Then fi is also a (KX′i +F )-flip. Now by adjunction (KX′i +F )|E =
KE +BE such that (E,BE) has klt singularities, and in particular, the surface
E is Q-factorial. Note that if g : X ′i → Z is the (KX′i +F )-flipping contraction
associated to the flip fi, then −(KE + BE) is relatively ample with respect
to the morphism g|E : E → g(E) = E¯. Let C be any flipping curve, then
(KE + BE) · C < 0 and C2 < 0 (since it is an exceptional curve contained in
the surface E). It follows that (KE + C).C < 0 and hence that C is rational.
Finally, we argue that every flipped curve C+ is rational. Note that C+ is
exceptional over X and hence must be contained in a component say E+ of
Ei+1 := fi,∗(Ei) (since Ei+1 is the exceptional locus of X ′i+1 → X). Let g+ :
X ′i+1 → Z be the flipped contraction and E+Z = g+∗ (E+). Let E− = (f−1i )∗E+
be its strict transform on Xi and KE−+BE− = (KX′i+Ei)|E− . Since (E−, BE−)
is dlt and −(KE−+BE−) is g|E− ample, it follows that (EZ , (g|E−)∗BE−) is dlt,
where EZ := g∗E−, and in particular EZ has rational Q-factorial singularities.
Thus C+ is a rational curve.
From what we have seen above, it follows easily that the fibers ofX ′i → X are
rationally chain connected if and only if the fibers of X ′i+1 → X are rationally
chain connected. Since X ′n = X, this concludes the proof. 
2.3. Technical lemmas. In this subsection we will prove some technical re-
sults which will be used in the rest of the article. Note that some of the
results here are obvious for projective varieties but not necessarily so for ana-
lytic varieties. We will use these results throughout the article without further
reference.
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Lemma 2.24. Let f : X → Y be a proper surjective morphism from a pro-
jective scheme X over C to a complex space Y . Then for every point y ∈ Y ,
there is a (compact) curve Cy ⊂ Y passing through y.
Proof. Set dimX = n. Choose a point y ∈ Y and fix a point x0 ∈ f−1(y). Let
H1, H2, . . . , Hn−1 be (n − 1) general hyperplanes on X containing the point
x0. Then H1 ∩H2 ∩ · · · ∩Hn−1 is a 1-dimensional subscheme of X containing
the point x0. Let C be an irreducible component of H1 ∩ H2 ∩ · · · ∩ Hn−1
containing the point x0. We may pick C so that f(C) 6= pt, i.e., f(C) is a
curve in Y passing through the point y ∈ Y .

Lemma 2.25. Let f : X → Y be a proper bimeromorphic morphism between
analytic varietes. Then for every y ∈ f(Ex(f)), f−1(y) is covered by (compact)
curves.
Proof. Since f is bimeromorphic, by [Hir75, Corollary 2] there is a bimero-
morphic morphism g : X ′ → X such that f ′ = g ◦ f : X ′ → Y is a
projective bimeromorphic morphism. Choose a point y ∈ f(Ex(f)). Then
f ′−1(y) = g−1(f−1(y)) is a projective scheme, and hence by Lemma 2.24,
f−1(y) is covered by curves. 
Lemma 2.26. Let f : X → Y be a projective morphism between two analytic
varieties. If C ⊂ Y is a (compact) irreducible curve, then there is a compact
irreducible curve Γ ⊂ X such that f(Γ) = C.
Proof. Set Z = f−1C. Since any compact curve C is projective, and f |Z :
Z → C is a projective morphism, Z is projective. In particular, there is an
irreducible curve Γ ⊂ Z such that f(Γ) = C.

Lemma 2.27. Let X be a normal Q-factorial Ka¨hler space. If (X,B) is dlt,
then X has rational singularities.
Proof. See [KM98, Theorem 5.22] and [CHP16, §4].

Lemma 2.28. Let f : X ′ → X be a projective bimeromorphic morphism
between Q-factorial normal compact Ka¨hler 3-folds. Assume that X has klt
singularities. Then N1(X ′/X) := N1(X ′)/f ∗N1(X) is generated by the f -
exceptional divisors.
Proof. Let ν : X ′′ → X ′ be a resolution of singularities of X. We will show
that N1(X ′′/X) := N1(X ′′)/(f ◦ ν)∗N1(X) is generated by the f -exceptional
divisors. To this end, let f ′ = f ◦ ν and E the reduced f ′-exceptional divisor
so that SuppE = Ex(f ′). We run the (KX′′ + E)-MMP over X using Propo-
sition 2.20. Note that since X has klt singularities, this MMP contracts all
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f ′-exceptional divisors. Let X ′′ = X0 99K X1 99K . . . 99K Xn be the corre-
sponding MMP over X. Since X is Q-factorial, it follows that Xn = X. By
[CHP16, Proposition 3.1.(a), Eqn. (5)] it follows that if Xi 99K Xi+1 is a flip,
then N1(Xi) ∼= N1(Xi+1) and if Xi 99K Xi+1 is a divisorial contraction, then
N1(Xi/Xi+1) is one dimensional and generated by the corresponding excep-
tional divisor. Thus N1(X ′′/X) has a basis given by the f ′-exceptional divi-
sors. Similarly one sees that N1(X ′′/X ′) has a basis given by the ν-exceptional
divisors. The lemma now follows easily.

Corollary 2.29. Let X be a normal compact Ka¨hler 3-fold with rational sin-
gularities. Let T1 and T2 be two closed bi-degree (1, 1) currents with local
potentials on X such that [T1] = [T2] in H
1,1
BC(X). Let φ : X 99K X ′ be a
proper bimeromorphic morphism to a Q-factorial compact Ka¨hler 3-fold with
klt singularities. Then φ∗[T1], φ∗[T2] ∈ H1,1BC(X ′) and φ∗[T1] = φ∗[T2].
Proof. Let W be the resolution of the graph of φ, p : W → X and q : W → X ′
the induced morphisms. Replacing W by a higher resolution if necessary
we may assume that q is a projective morphism (see Theorem 2.13). Now by
Lemma 2.28 there exists a q-exceptional divisor E onW such that p∗[T1]+[E] =
0 in H1,1BC(W/X
′). Then by Lemma 2.8 there is a (1, 1) class α ∈ H1,1BC(X ′) such
that p∗[T1] + [E] = q∗α. Thus by Corollary 2.9 we have q∗p∗[T1] = α, i.e.
φ∗[T1] is a class in H
1,1
BC(X
′). Similarly, φ∗[T2] is a class in H
1,1
BC(X
′), and since
p∗[T1] = p∗[T2], we finally have φ∗[T1] = φ∗[T2] in H
1,1
BC(X
′). 
Lemma 2.30. Let f : X ′ → X be a projective bimeromorphic morphism
between normal compact Ka¨hler 3-folds with rational singularities and X is
Q-factorial. Let ω be a Ka¨hler form on X, then for every 0 < ε  1 there is
a Ka¨hler form ω′ε on X
′ and an effective f -exceptional divisor Fε (with small
coefficients) such that [f ∗ω] = [ω′ε + Fε].
Proof. Let H be a relatively ample divisor and set F = f ∗f∗H−H, then F ≥ 0
is an exceptional divisor such that −F is f -ample. Let ω′ = f ∗ω− F for any
 > 0. By [Var89, Prop. 1.3.1], ω′ is a Ka¨hler form for any 0 < ε 1. 
Lemma 2.31. Let S be a smooth projective surface such that H2(S,OS) = 0.
Let α be a nef (1, 1)-class such that α2 = 0 and KS ·α < 0. Then S is covered
by α-trivial curves.
Proof. Since H2(S,OS) = 0, from the exponential sequence and [HP16, Eqn.
(2) and (3), page 223] it follows that NS(S)R = H
1,1
BC(S). In particular, α is
a nef R-divisor, i.e., α is a nef curve on S. Now recall that on a projective
variety the cone NF(S) of numerical classes of nef curves is equal to the cone of
numerical classes of movables curves NM(S). Thus by Araujo’s decomposition
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of the cone of movable curves NM(S) [Ara10] (also see [Leh12] and [Das18] for
the dlt case), there is a family of curves {Ct}t∈T covering S such that α·Ct = 0.

Definition 2.32. [Bou04, Def. 2.2] LetX be a normal compact Ka¨hler variety.
(i) A closed positive bi-degree (1, 1) current T with local potentials is
called a Ka¨hler current, if T ≥ ω for some Ka¨hler form ω on X.
(ii) A class α ∈ H1,1BC(X) is called big if it contains a Ka¨hler current T .
(iii) A big class α ∈ H1,1BC(X) is called a modified Ka¨hler class if it contains
a Ka¨hler current T such that the Lelong number ν(T,D) = 0 for all
prime Weil divisors D on X.
Lemma 2.33. [Bou04, Proposition 2.3] Let X be a normal compact Ka¨hler
variety and α ∈ H1,1BC(X). Then α is a modified Ka¨hler class if and only if
there is a projective bimeromorphic morphism µ : X ′ → X from a Ka¨hler
manifold X ′ and a Ka¨hler class α′ such that µ∗α′ = α.
Proof. See [Bou04, Proposition 2.3] and [CHP16, Page 990, Footnote 5].

Lemma 2.34. Let X be a Q-factorial compact Ka¨hler 3-fold with klt singu-
larities. Let ω ∈ H1,1BC(X) be a modified Ka¨hler class. If f : Y → X is a
projective bimeromorphic morphism from a Ka¨hler manifold Y and if there is
a Ka¨hler class ωY ∈ H1,1BC(Y ) such that f∗ωY = ω, then there exists an effective
f -exceptional R-divisor E ≥ 0 such that −E is f -ample, SuppE = Ex(f) and
f ∗ω = ωY + [E].
Proof. Since X has Q-factorial klt singularities and f is projective, by Lemma
2.28 there exists an f -exceptional divisor E such that [ωY +E] = 0 inN
1(Y/X).
Then by Lemma 2.8, there exists a class β ∈ H1,1BC(X) such that [ωY +E] = f ∗β.
But then by Corollary 2.9 we have f∗ωY = β, and hence ωY + [E] = f ∗ω. In
particular, −E is f -ample and thus by the negativity lemma we have that E
is effective and SuppE = Ex(f).

Corollary 2.35. [Bou04, Proposition 2.4] Let X be a Q-factorial compact
Ka¨hler 3-fold with klt singularities. and α ∈ H1,1BC(X) a modified Ka¨hler class.
If S ⊂ X is an irreducible surface, then α|S is big.
Proof. By Lemma 2.33 there is a projective bimeromorphic morphism µ : X ′ →
X from a Ka¨hler manifold X ′ and a Ka¨hler class α′ such that µ∗α′ = α. Then
by Lemma 2.34, µ∗α = α′ + [E], where E is an effective and µ-exceptional
divisor. Let S ′ = µ−1∗ S and ν : S
′ → S. We may assume that S ′ is smooth.
Since S ′ is not contained in the support of E, then
ν∗α|S = (µ∗α)|S′ = (α′ + [E])|S′
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is big and so α|S is also big.

Lemma 2.36. Let φ : X 99K X ′ be either a divisorial contraction or a flip
between two compact Ka¨hler 3-folds with Q-factorial klt singularities. If ω is a
modified Ka¨hler class on X, then ω′ := φ∗ω is a modified Ka¨hler class on X ′.
Proof. Since ω is a modified Ka¨hler class, by Lemma 2.33 there exists a pro-
jective bimeromorphic morphism µ : X˜ → X from a Ka¨hler manifold X˜ and
a Ka¨hler form ω˜ such that µ∗[ω˜] = ω ∈ H1,1BC(X). Let p : X → X˜ and
q : X → X ′ be a projective resolution of the graph of the bimeromorphic map
X˜ 99K X ′. Then by Lemma 2.30 there exists a Ka¨hler form ω and an effective
p-exceptional divisor E ≥ 0 such that [ω + E] = [p∗ω˜]. From Corollary 2.9 it
follows that [p∗ω] = [ω˜] ∈ H1,1BC(X˜). But from the definition of current it also
follows that [p∗ω] = p∗[ω], so we have (µ◦p)∗[ω] = µ∗[ω˜] = ω. Now by Lemma
2.28, there is a q-exceptional divisor F such that [ω + F ] = 0 ∈ N1(X˜/X ′).
Thus from Lemma 2.8 and its Corollary 2.9 it follows that q∗[ω] is a (1, 1)
cohomology class in X ′. Finally, from the commutative diagram we have
φ∗ω = q∗[ω].

Lemma 2.37. Let (X,B) be a klt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Let α be a nef and big (1, 1) class on X. Then there exist a
modified Ka¨hler class Θ and an effective Q-divisor F ≥ 0 such that α = Θ+F
and (X,B + F ) is klt.
Proof. Since α is a big class, by [Bou02, Theorem 1.4] there exists a projective
bimeromorphic morphism f : X ′ → X from a Ka¨hler manifold X ′, a Ka¨hler
form ω′ and an effective R-divisor E ≥ 0 such that f ∗α = ω′ + E. Then we
can rewrite α as
α = f∗(εω′ + (1− ε)f ∗α) + εf∗E for 0 < ε < 1.
Note that εω′ + (1 − ε)f ∗α is a Ka¨hler class on X ′, since α is nef, and
therefore Θ′ := f∗(εω′+ (1− ε)f ∗α) is a modified Ka¨hler class on X. Observe
that (X,B+ εf∗E) is klt for 0 < ε 1. Unfortunately E is an R-divisor. To
remedy this we proceed as follows.
Let Em =
1
m
bmEc, then Em are Q-divisors with the same support as E
such that limm→∞Em = E. Since the modified Ka¨hler cone MK(X) is an
open cone (see [Bou04, §2.7]) and the klt condition is open, it follows easily
that for m 0 we have that (X,B+f∗Em) is klt and Θ′+f∗(E−Em) is also a
modified Ka¨hler class and hence replacing E by Em and Θ
′ by Θ′+f∗(E−Em),
we may assume that E is a Q-divisor.

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Lemma 2.38 (Hodge Index Theorem). [BHPVdV04, Theorems IV.2.14 and
IV.3.1] Let S be a smooth compact Ka¨hler surface and ω ∈ H1,1(S) a (1, 1)
class such that ω2 > 0. Let α ∈ H1,1(S) be a (1, 1)-class on S. If ω · α = 0,
then α2 ≤ 0; moreover, if α 6≡ 0, then α2 < 0.
Lemma 2.39. let X be a normal Q-factorial Ka¨hler 3-fold and S a prime
divisor with normalization S˜ → S and minimal resolution ν : S ′ → S. Then
there is an effective Q-divisor E on S ′ such that
ν∗((KX + S)|S) = KS′ + E.
Proof. By adjunction, we have KS˜ + BS˜ = (KX + S)|S˜, where BS˜ ≥ 0 is
the different. Since ν is a resolution of singularities of S and S˜ → S is the
normalization, ν factors through S˜; let pi : S ′ → S˜ be the induced morphism.
Then, as pi is the minimal resolution of S˜, we have KS′ = pi
∗KS˜ − E ′, where
E ′ ≥ 0. Finally, we have
ν∗((KX + S)|S) = pi∗(KS˜ +BS˜) = KS′ + E ′ + pi∗BS˜ = KS′ + E,
where E = E ′ + pi∗BS˜ ≥ 0. 
Lemma 2.40. Let X be a uniruled normal Q-factorial compact Ka¨hler 3-fold
with klt singularities and φ : X 99K X ′ a bimeromorphic contraction to a Q-
factorial compact Ka¨hler 3-fold X ′ with klt singularities such that φ does not
extract any divisor, i.e. φ−1 : X ′ 99K X does not contract any divisor. If the
base of the MRC(C) fibration of X has dimension less than 2, then X ′ is a
projective variety.
Proof. Let pi : X 99K Z be the MRC(C) fibration (see [CH20, Remark 6.10]).
By assumption dimZ = 0 or 1. First note that, since X has rational singular-
ities, by [Nam02, Theorem 1.6], X is projective if and only if any resolution
X˜ of the singularities of X is projective. Note also that by Proposition 2.23,
the fibers of ν : X˜ → X are rationally chain connected, thus it follows that
X˜ 99K Z is also a MRC(C) fibration. Note that as X˜ is smooth, then its MRC
and MRCC fibrations coincide. Thus replacing X by a resolution of singular-
ities we may assume that X is a compact Ka¨hler manifold and φ : X → X ′
is a morphism. Possibly replacing X further by a higher resolution we may
assume that pi and φ are both morphisms. Since the general fibers of pi are
rationally connected, by [Deb01, Corollary 4.18] H0(F,ΩiF ) = 0 for all i ≥ 1
where F is a general fiber. We claim that H0(X,Ω2X) = 0. If dimZ = 0, then
this is clear, so assume that dimZ = 1. Then observe that the following exact
sequence
pi∗ΩZ // ΩX // ΩX/Z // 0
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is left exact over Zariski open dense subset of Z. This follows from the generic
smoothness of pi and the fact that the MRC fibration is an almost holomorphic
map Restricting this sequence to a general fiber F of pi we get the following
short exact sequence
(2.2) 0 // OF // ΩX |F // ΩF // 0.
Thus we have a short exact sequence
(2.3) 0 // ΩF // Ω
2
X |F // Ω2F // 0.
Since, as observed above, H0(ΩiF ) = 0 for i = 1, 2, we have H
0(F,Ω2X |F ) = 0.
In particular, s|F = 0 for any section s ∈ H0(X,Ω2X). Since Ω2X is torsion free,
it follows that H0(X,Ω2X) = 0. Then H
2(X,OX) = H0(X,Ω2X) = 0 and by
Kodaira’s projectivity criterion we have that X is projective.
Finally, since X ′ has Q-factorial klt singularities, running a (KX + Ex(φ))-
MMP over X ′ will recover X ′, and hence X ′ is also projective.

Lemma 2.41. Let S be a smooth compact Ka¨hler surface. If KS is not pseudo-
effective, then S is projective.
Proof. Contracting the (−1)-curves by repeated application of Castelnuovo’s
contraction theorem we may assume that S is a minimal surface. Now since S
is a Ka¨hler surface, by [BHPVdV04, Theorem IV.3.1] the first Betti number
b1(S) is even. Since KS is not pseudo-effective, the Kodaira dimension is
negative κ(KS) = −∞. Thus from [BHPVdV04, Table 10, Chap. VI, page
244] we see that S is either a compact minimal rational surface or a compact
ruled surface over a curve of genus g ≥ 1. Now by [BHPVdV04, Corollary
IV.6.5] a compact complex surface S is projective if and only if its algebraic
dimension a(S) = 2. From [BHPVdV04, Table 10, Chap. VI, page 244] we
again see that the a(S) = 2 in each of the above two cases, and hence S is
projective.

Lemma 2.42. Let (X,B ≥ 0) be a log pair, where X is a normal Q-factorial
compact analytic variety. Let f : X → Y be a proper surjective morphism
to a normal compact analytic variety Y . Assume that one of the following
conditions is satisfied:
(i) (X,B) is dlt and −(KX +B) is f -ample, or
(ii) (X,B) is klt and −(KX +B) is f -nef and f -big.
Then Y has rational singularities.
Proof. Since X is klt, by Lemma 2.27, X has rational singularities. Now since
X is Q-factorial, perturbing the coefficients of B in the dlt case we may assume
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that (X,B) is klt and −(KX + B) is still f -ample. Therefore by the relative
Kawamata-Viehweg vanishing theorem as in [DO19, Theorem 5.3], in both of
the cases above we have Rif∗OX = 0 for all i > 0. Then by [Kov00, Theorem 1]
Y has rational singularities. Note that the proof of [Kov00, Theorem 1] uses
Grothendieck duality and the Grauert-Riemenschneider vanishing theorem,
both of which are known in the analytic category due to [RR74, RRV71] and
[Tak85, Corollary II], respectively.

3. Minimal model program for dlt pseudo-effective pairs
In this section we will prove Theorems 1.5 and 1.1. Throughout this section
(X,B) will be a dlt pair such that X is a Q-factorial compact Ka¨hler 3-fold
and KX + B is pseudo-effective. By [Bou04, Thm. 3.12 and Pro. 3.8] there
exist positive real numbers λj > 0 and irreducible surfaces Sj ⊂ X such that
(3.1) KX +B ≡
∑
λjSj +N(KX +B),
where N = N(KX +B) is a pseudo-effective class which is nef in codimension
1, i.e. N |S′ is pseudo-effective for any surface S ′ ⊂ X.
Proof of Theorem 1.5. Recall that α is a (1, 1) nef class such that α · C = 0
if and only if [C] ∈ R. Let S be the unique surface which is covered by and
contains all the curves C ⊂ X such that [C] ∈ R. Let ν : S˜ → S be the
normalization morphism and f˜ : S˜ → T the nef reduction of ν∗(α|S) (see
[HP15, Theorem 3.19]). Since n(α) = 1, T is a smooth projective curve.
Moreover, we have F · ν∗(α|S) = 0 for any fiber F of f˜ . We also have that
α·C > 0 if C ⊂ X is not contained in S or if C is contained in S but dominates
T . Scaling α if necessary and then using Theorem 2.16 we may assume that
ω = α− (KX +B) is a Ka¨hler class. Next replacing B by (1− ε)B and ω by
ω + εB for sufficiently small ε ∈ Q+, we may assume that (X,B) is klt.
Let b = multSB. For two divisors D and D
′ we say D ≡α D′ if and
only if (D − D′) · C = 0 for any curve C ⊂ X such that α · C = 0. Since
S · R < 0 (cf. [HP16, Lemma 7.5]) and α supports the extremal ray R, we
have KX +B ≡α aS for some a > 0.
Let µ : X ′ → X be a log resolution of (X,B) and set ∆′ = µ−1∗ (B + (1 −
b)S) + Ex(µ) and S ′ = µ−1∗ S. Since µ is a projective morphism, after running
a (KX + ∆
′)-MMP over X via Proposition 2.20, we may assume that µ is an
isomorphism over the complement of S (since (X,B) is Q-factorial and klt).
Then we have
(3.2) KX′ + ∆
′ = µ∗(KX +B) +
∑
cjEj + (1− b)S ′ ≡µ∗α
∑
djEj + dS
′,
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where dj ≥ cj > 0 and d > 1− b > 0.
Now we run the α′ := µ∗α-trivial (KX′ + ∆′)-MMP, say
φi : X
′ = X ′0 99K X ′1 99K X ′2 99K · · · 99K X ′i.
We claim that this MMP exists and each step preserves the above relation
KX′i + ∆
′
i ≡α′i φi,∗(
∑
djEj + dS
′), where α′i = φi,∗α
′ is a nef (1, 1) class. We
proceed by induction. Let Ri be an α
′
i-trivial, (KX′i + ∆
′
i)-negative extremal
ray. From the above relation, it follows that Ri · φi,∗(
∑
djEj + dS
′) < 0 and
hence the contracted locus is contained in the support of b∆′ic. Since (X ′,∆′)
is dlt, so is (Xi,∆
′
i) and so by Theorem 2.17 and Theorem 2.18, we may
flip/contract Ri via X
′
i 99K X ′i+1. Let g : X ′i → Z be the contraction of Ri
(Z = X ′i+1 if Ri is divisorial). By [CHP16, Proposition 3.1(5)], α
′
i = g
∗αZ ,
where αZ is a nef (1, 1) class on Z and g∗(KX′i + ∆
′
i− φi,∗(
∑
djEj + dS
′)) is a
Q-Cartier divisor such that
g∗
(
KX′i + ∆
′
i − φi,∗
(∑
djEj + dS
′
))
≡αZ 0.
Pulling back to X ′i+1 we have KX′i+1 + ∆
′
i+1 ≡α′i+1 φi+1,∗(
∑
djEj + dS
′). By
Theorem 2.19, after finitely many steps, we may assume that there are no
α′n-trivial, (KX′n + ∆
′
n)-negative extremal rays.
Recall that µ is an isomorphism over the complement of S, and hence the
support of S ′+
∑
Ej is equal to the support of µ
−1(S). Since each component
of S ′+
∑
Ej is normal (being a dlt center), there is a unique induced morphism
from each component of S ′ +
∑
Ej to the normalization S˜ and hence to T .
Since the above MMP only contracts curves and divisors contained in the
support of S ′ +
∑
Ej, it follows that there is a meromorphic map φi,∗(S ′ +∑
Ej) 99K T for all i ≥ 0.
Claim 3.1. φn,∗(
∑
Ej + S
′) does not dominate T , i.e., S ′ and every Ej that
dominates T are contracted by φn.
Let KX′ + B
′ = µ∗(KX + B). After perturbing B′ by a small effective µ-
exceptional Q-divisor, we may write α′ = µ∗α = KX′ + B′ + ω′, where by
Lemma 2.30, ω′ is a Ka¨hler class on X ′. Then KX′ + ∆′ = KX′ + B′ + E ′,
where E ′ ≥ 0 is a Q-divisor such that Supp(E ′) = S ′ +∑Ej. Thus on X ′n we
have
(3.3) α′n + E ′n = KX′n + ∆′n + ω′n,
where ω′n ∈ H1,1BC(Xn) is a modified Ka¨hler class (see Lemma 2.36).
Let F be an effective µ-exceptionalQ-divisor such that−F is µ-ample. Then
for a sufficiently small positive rational number  ∈ Q+, set F ′ := µ∗S+ F so
that for any m > 0 sufficiently divisible, the line bundles OX′(−mF ′)|S′ and
OX′(−mF ′)|Ej are ample over T for all j.
22 OMPROKASH DAS AND CHRISTOPHER HACON
Let F ′i := φi,∗F ′. We make the following claim.
Claim 3.2. If El is a component of F ′ dominating T , then for every 0 ≤ i ≤ n
we have that
(3.4) multEl(F ′) ≥ multEl(φ∗iF ′i),
and the above inequality is strict if and only if φi,∗El = 0.
Proof of Claim. We will show that (3.4)i holds for 0 ≤ i ≤ n by induction
on i. It is clear that this inequality holds for i = 0, so assuming that it
holds for some i ≥ 0, we must show that it also holds when i is replaced by
i + 1. If Xi 99K Xi+1 is a flip, then it is an isomorphism over a neighborhood
of the generic point of T and hence the inequality (3.4)i+1 holds. Thus we
may assume that hi : X
′
i → X ′i+1 is a divisorial contraction that contracts
El, a component of F ′ dominating T as otherwise hi is an isomorphism over a
neighborhood of the generic point of T and the statement is clear. It suffices to
show that F ′i ≥ h∗iF ′i+1 over a neighborhood of the generic point of T and the
inequality is strict along El,i := φi,∗El. Let Cl,t be a general fiber of El → T .
Notice that since the flipping loci do not dominate T , then φi is a morphism
on a neighborhood of Cl,t. Let Cl,i,t = φi,∗Cl,t then Cl,i,t is contained in El,i and
does not dominate T . It is then easy to see that Cl,i,t generates the extremal
ray corresponding to the contraction hi. We have
Cl,i,t · F ′i = Cl,t · φ∗iF ′i ≤ Cl,t · F ′ < 0,
where the first inequality follows from the induction hypothesis and the fact
that multElF ′ = multElφ∗iF ′i , since El is not contracted by φi; the second
inequality follows from OEl(−mF ′) being ample over T .
It then follows that hi is F ′i-negative and so from negativity lemma it follows
that h∗iF ′i+1 = F ′i + tEl,t for some t > 0. This implies that (3.4)i+1 holds and
we are done by induction. 
Assume by contradiction that φn,∗(
∑
Ej + S
′) dominates T . Let λ be the
smallest positive rational number such that Γn = φn,∗(E ′−λF ′) ≤ 0 over ηT the
generic point of T . Renaming S ′ by E0 we observe that there is a component
Enk of φn,∗(
∑
Ej + S
′) dominating T such that multEnk (φn,∗(E ′ − λF ′)) = 0.
Let {Ck,n,t}t∈T as above be an α′n-trivial family of curves covering Enk . Then
(3.5) Ck,n,t · (α′n + E ′n − λF ′n) = Ck,n,t · Γn ≤ 0.
Since ω′n is a modified Ka¨hler class, by Corollary 2.35, ω
′
n|Enk is big. In
particular, ω′n · Ck,n,t > 0 for a covering family of curves on Enk . Thus, as
(KX′n + ∆
′
n) · Ck,n,t ≥ 0, it follows from (3.5) and (3.3) that
(3.6) 0 ≥ Ck,n,t · (KX′n + ∆′n + ω′n − λF ′n) > −λCk,n,t · F ′n.
THE LOG MINIMAL MODEL PROGRAM FOR KA¨HLER 3-FOLDS 23
Now since the component Ek of F ′ is not contracted by φn (since Enk =
φn,∗Ek 6= 0), it follows from Claim 3.2 and its proof that multEkF ′ = multEkφ∗F ′n.
Set Λ = {i ≥ 0 : Ei is a component of F ′ dominating T}. Then again from
Claim 3.2 it follows that we can write
F ′ − φ∗nF ′n =
∑
i∈Λ, i 6=k
aiEi + F,
where ai ≥ 0 for all i ∈ Λ \ {k}, and F is a µ-exceptional divisor on X ′ which
does not dominate T . Note that F is not necessarily an effective divisor.
Then Ei · Ck,t ≥ 0 for all i ∈ Λ \ {k} and F · Ck,t = 0. Moreover, since
OEk(−mF ′) is ample over T we have
−Ck,n,t · F ′n = −Ck,t · φ∗nF ′n ≥ −Ck,t · F ′ > 0.
This is a contradiction to (3.6), and thus φn,∗(
∑
Ej + S
′) does not dominate
T .
Claim 3.3. φn,∗(
∑
Ej + S
′) = 0.
Proof. Let W be the normalization of the graph of the induced bimeromorphic
map ψn : X 99K X ′n, and p : W → X and q : W → X ′n are the projections.
Let I and I ′ be the set of all indices of the µ-exceptional divisors which are
contracted and respectively, not contracted by φn. Then φn contracts S
′ and
the divisor
∑
i∈I Ei ⊂ Ex(µ), and ψn contracts S and extracts
∑
i∈I′ Ei ⊂
Ex(µ). Set G = q∗φn,∗(
∑
djEj + dS
′) ≥ 0. We claim that G is p-exceptional.
Indeed, if F is a component of G, then it does not dominate T , since q(F ) is
contained in the support of φn,∗(
∑
djEj + dS
′) and the latter one does not
dominate T by Claim 3.2. But if p∗F 6= 0, then p∗F = S, since the only
divisor contracted by ψn is S. Since S dominates T , this is a contradiction.
Now we will show that G is nef over X. To this end assume by contradiction
that G · C < 0 for some curve C ⊂ W such that p(C) = pt. Then C is
contained in the support of G, since G is effective. Now set Z := p−1(S) ⊂ W .
Then from the construction above it is clear that the support of G is contained
in Z. In particular, C is contained in Z. Since no component of G dominates
T , C is vertical over T and hence either q∗C = 0 or q∗C is an αn-trivial curve
on X ′n. Since φn,∗(
∑
djEj + dS
′) ≡αn KX′n + ∆′n, it follows that G · C =
(KX′n + ∆
′
n) · q∗C ≥ 0, which is a contradiction. Thus G is nef over X.
Then by the negativity lemma we have G = 0, and hence φn,∗(
∑
Ej+S
′) = 0.

Claim 3.4. ψn : X 99K X ′n is a morphism.
Proof. By contradiction assume that ψn is not a morphism. Let W be a
resolution of the graph of ψn and p : W → X and q : W → X ′n are the induced
morphisms. By Theorem 2.13, possibly replacing W by a higher resolution we
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may assume that a p is projective. If ψn is not a morphism, then there is a curve
C in W such that p∗C = 0 but q∗C = C ′n 6= 0. Let ω′n be a Ka¨hler form on X ′n.
Then ω′n · C ′n > 0. Note that since X is Q-factorial with klt singularities and
p is projective, by Lemma 2.28, N1(W/X) is generated by the p-exceptional
divisors, say E1, . . . , Er. Then there exist real numbers e1, . . . , er ∈ R such
that [q∗ω′n +
∑
eiEi] = 0 in N
1(W/X). By Lemma 2.8 there exists a (1, 1)
form ω with local potentials on X such that [p∗ω] = [q∗ω′n +
∑
eiEi]. Now
since S ·R < 0, there is a real number r ∈ R such that (ω + rS) ·R = 0.
Since ψn,∗S = 0, it follows that
∑
eiEi + rp
∗S is a q-exceptional divisor
and [p∗(ω + rS)− q∗ω′n] = [
∑
eiEi + rp
∗S]. Now we claim that [p∗(ω + rS)−
q∗ω′n] ≡X′n 0. Indeed, if γ is a curve contracted by q but not by p, then α·p∗γ =
0, since ψn,∗(p∗γ) = 0 and ψn only contracts α-trivial curves. In particular, p∗γ
is a curve contained in the extremal ray R, and hence [ω+rS] ·p∗γ = 0 and the
claim follows. Then applying the negativity lemma we get
∑
eiEi + rp
∗S = 0,
and hence we have [p∗(ω + rS)] = [q∗ω′n]. Therefore
0 < ω′n · C ′n = q∗ω′n · C = (ω + rS) · p∗C = 0,
and this is a contradiction. 

Proof of Theorem 1.1. By Theorem 2.16 the cone theorem holds for (X,B).
By Theorem 2.17, Theorem 2.18 and Theorem 1.5 flips and divisorial contrac-
tions exist and hence we may run a MMP which terminates by Theorem 2.19.

4. The minimal model program for uniruled pairs
In this section we will consider the minimal model program for non-pseudo-
effective dlt compact Ka¨hler 3-fold pairs (X,B). Since KX +B is not pseudo-
effective, neither is KX and hence the MRC fibration X 99K Z is non-trivial
(see e.g. [HP15, Introduction]). Let ν : X ′ → X be any resolution, then since
(X,B) is dlt, the fibers of ν are rationally connected (see Proposition 2.23)
and hence X ′ 99K Z is the MRC fibration of X ′. Recall that if dimZ ≤ 1, then
X is projective by Lemma 2.40. Since the projective case is well understood,
we will focus on the case where dimZ = 2. Note that by [HP15, Remark 3.2],
Z is not uniruled and hence KZ is pseudo-effective. Moreover, from Definition
2.2(i) it follows that Z is in Fujiki’s class C. Then replacing Z by a resolution
of singularities we may assume that Z is a smooth compact complex surface
in Fujiki’s class C, and hence by [Fuj83, Proposition 2, page 104], Z is Ka¨hler.
Definition 4.1. Let (X,B ≥ 0) be a log pair, where X is a Q-factorial
compact Ka¨hler 3-fold. Suppose that the base of the MRC fibration f : X 99K
Z has dimension 2. Let Xz ∼= P1 be a general fiber of f . Then a modified
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Ka¨hler class ω on X is called (KX +B)-normalized if (KX +B + ω) ·Xz = 0.
Note that as ω is a modified Ka¨hler class, it is positive on general fibers Xz,
and hence (KX +B) ·Xz < 0.
Lemma 4.2. With the same notations and hypothesis as in the defintion above
assume that (X,B) is dlt and ω is a (KX + B)-normalized modified Ka¨hler
class. Then KX +B + ω is pseudo-effective.
Proof. Since ω is modified Ka¨hler class, there is a bimeromorphic morphism
from a compact Ka¨hler manifold µ : X ′ → X and a Ka¨hler class ω′ ∈ H1,1BC(X ′)
represented by Ka¨hler form on X ′ such that µ∗ω′ = ω. We may write KX′ +
B′ = µ∗(KX + B) + E where E ≥ 0, B′ ≥ 0, µ∗B′ = B and E and B′ do
not share any common component. Since dimZ = 2, we may assume that
X ′ → X is an isomorphism on a neighborhood of a general fiberXz ofX 99K Z.
Therefore ω′ is (KX′ + B′)-normalized. Note that if KX′ + B′ + ω′ is pseudo-
effective, then so is KX + B + ω = µ∗(KX′ + B′ + ω′). Replacing (X,B) by
(X ′, B′) we may therefore assume that ω is a Ka¨hler class.
Since the pseudo-effective cone is closed, it is enough to show that KX +
(1− δ)B + (1 + ε)ω is pseudo-effective for all 1 ε δ > 0. Let Z ′ → Z be
a resolution of singularities of Z and µ : X ′ → X a log resolution of (X,B)
such that the induced meromorphic map ϕ′ : X ′ → Z ′ is a morphism. We
may assume that Xz = X
′
z for general z ∈ Z. Let F be an effective and
µ-exceptional Q-divisor such that ω′ = [µ∗ω − F ] is a Ka¨hler class on X ′ (see
Lemma 2.30). Set
KX′ +B
′
δ,ε := µ
∗(KX + (1− δ)B) + F.
Then we have
µ∗(KX + (1− δ)B + (1 + ε)ω) = KX′ +B′δ,ε + ω′,
where ω′ = µ
∗ω + εω′ is Ka¨hler class, since ω is a Ka¨hler class on X.
Therefore it is enough to show that KX′ + (B
′
δ,ε)
≥0 + ω′ is pseudo-effective.
Let X ′z′ be a general fiber of ϕ
′ : X ′ → Z ′. Then X ′z′ ∼= P1 and c1(KX′ +
(B′δ,ε)
≥0 + ω′)|X′z is a Ka¨hler class. Thus by [Gue20, Theorem], KX′/Z′ +
(B′δ,ε)
≥0 + ω′ is pseudo-effective. Now since Z
′ is not uniruled, KZ′ is pseudo-
effective. Therefore KX′ + (B
′
δ,ε)
≥0 + ω′ is pseudo-effective as required.

Corollary 4.3. Let (X,B) be a klt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Assume that X is uniruled and the dimension of the base of
the MRC fibration X 99K Z is 2. Let ω be a nef and big class on X such that
(KX + B + ω) · F = 0 for general fibers F of X 99K Z. Then KX + B + ω is
pseudo-effective.
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Proof. Since (X,B) is klt and ω is nef and big, by Lemma 2.37 we can write
ω = Θ +F , where Θ is a modified Ka¨hler class and F is an effective Q-divisor
such that (X,B + F ) klt. Thus replacing B by B + F and ω by Θ we may
assume that ω is a modified Ka¨hler class. Then the result follows from Lemma
4.2.

Lemma 4.4. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Suppose that X is uniruled and the base of the MRC fibration
f : X 99K Z has dimension 2. Let F (∼= P1) be a general fiber of f . If
(KX +B) · F ≥ 0, then KX +B is pseudo-effective.
Proof. First, replacing Z by a resolution, we may assume that Z is a smooth
compact Ka¨hler non-uniruled surface. Let µ : X ′ → X be a log resolution of
(X,B) which resolves the map f : X 99K Z and
KX′ +B
′ = µ∗(KX +B) + E,
where B′ ≥ 0, E ≥ 0, µ∗B′ = B and B′ and E do not share any common
component.
Observe that X ′z ∼= Xz ∼= P1 for a general z ∈ Z. In particular, (KX′ +B′) ·
F = (KX +B) · F ≥ 0 for general fibers F of X ′ → Z. Moreover, if KX′ +B′
is pseudo-effective, then KX + B is also pseudo-effective. Therefore replacing
(X,B) by (X ′, B′) we may assume that (X,B) is a simple normal crossing dlt
pair and the MRC fibration f : X → Z is a morphism. Now since the pseudo-
effective cone is closed, it is enough to show that KX+B+ω is pseudo-effective
for all Ka¨hler classes ω. Note that (KX + B + ω) · F > 0 for a general fiber
F of f . So (KX + (1 − δ)B + ω) · F > 0 for 0 < δ  1, and it is enough to
prove that KX +(1−δ)B+ω is pseudo-effective. In particular, replacing B by
(1− δ)B we may assume that (X,B) is a simple normal crossing klt pair and
(KX + B + ω) · F > 0. Since F ∼= P1, it follows from [Gue20, Theorem] that
KX/Z +B + ω is pseudo-effective. Since Z is a non-uniruled smooth compact
Ka¨hler surface, from classification it follows that KZ is pseudo-effective, and
hence KX +B + ω is pseudo-effective. This completes the proof.

We will also need the following result.
Lemma 4.5. Let (X,B) a dlt pair, where X is a Q-factorial compact Ka¨hler
3-fold. Let ω be a modified Ka¨hler class on X such that α = KX + B + ω
is a (1, 1) nef and big class. Let S ⊂ X be an irreducible surface such that
S ⊂ Null(α), i.e., α2 · S = 0. Then S is a Moishezon space and it is covered
by α-trivial curves.
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Proof. Let pi : S ′ → S be the minimal resolution of S dominating the normal-
ization S˜ → S. By Lemma 2.39 we have
(4.1) KS′ + E = pi
∗((KX + S)|S),
where E ≥ 0 is an effective Q-divisor.
Note that S ′ is a Ka¨hler surface, since so is S. We separate two cases based
on the numerical dimension of pi∗(α|S).
Case I: pi∗(α|S) ≡ 0. In this case −pi∗((KX + B)|S) = pi∗(ω|S). Since ω is
a modified Ka¨hler class, ω|S is a big (1, 1)-class by Corollary 2.35. Therefore
−pi∗(KX+B) is a big divisor on S ′; in particular, S ′ is a Moishezon space. Fur-
thermore, S ′ is then projective by [Nam02, Theorem 1.6], since S ′ is smooth
and Ka¨hler. Consequently, S ′ can be covered by a family of pi∗(α|S)-trivial
curves {Ct}t∈T . Pushing forward these curves give a covering family of α|S-
trivial curves on S.
Case II: pi∗(α|S) 6≡ 0. Since ω is modified Ka¨hler, ω|S is big. Since α is nef,
(4.2) ω · α · S = (ω|S · α|S) ≥ 0.
Note also that since α is big, KX + B + (1 − )ω is also big for 0 <   1
(recall in fact that the big cone B is open cf. [Bou04, §2.3]). We may write
KX +B + (1− )ω ≡
r∑
j=1
λjSj + P,
where λj > 0 for all j and P is nef in codimension 1.
Since α2 · S = 0, it follows that(
r∑
j=1
λjSj + P
)
· α · S = (KX +B + (1− )ω) · α · S = −ω · S · α < 0.
Since α is nef and P |S is pseudo-effective, we must have S = Sj for some
1 ≤ j ≤ r and α · S2 < 0.
Let B = aS+B′ such that 0 ≤ a ≤ 1 and S is not contained in the support
of B′. Then we have
KS′ · pi∗(α|S) ≤ (KS′ + E) · pi∗(α|S) = pi∗((KX + S)|S) · pi∗(α|S)
= (KX + S)|S · α|S
= (α− aS −B′ − ω + S) · α · S
= α2 · S + (1− a)α · S2 −B′|S · α|S − ω · α · S
< 0.
(4.3)
28 OMPROKASH DAS AND CHRISTOPHER HACON
Since pi∗(α|S) is nef, this shows that KS′ is not pseudo-effective. Thus by
Lemma 2.41, S ′ is projective, and hence S is a Moishezon space. Furthermore,
by Lemma 2.31, S ′ is covered by pi∗(α|S)-trivial curves. Pushing forward these
curves on S we see that S is also covered α|S-trivial curves. 
4.1. Cone Theorem. The purpose of this section is to prove the following
cone theorem which is a direct generalization of the results of Horing and
Peternell [HP15], [HP16], [CHP16] and [DO19]. The techniques that we use
are all inspired by these papers.
Theorem 4.6. Let be a (X,B) is dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Suppose that X is uniruled and the base of the MRC fibration
X 99K Z is a surface. Let ω be a modified Ka¨hler class such that (KX + B +
ω)|Xz ≡ 0 for general z ∈ Z. Then there exists a countable family of curves Γi
on X and a positive number d such that 0 < −(KX +B + ω) · Γi ≤ d and
NA(X) = NA(X)(KX+B+ω)≥0 +
∑
i∈I
R+[Γi].
Proof. By Lemma 4.2, KX + B + ω is pseudo-effective and so by [Bou04]
(applied to a resolution of X and then pushing forward) we have a divisorial
Zariski decomposition
(4.4) KX +B + ω ≡
r∑
j=1
λjSj + P,
where the Sj’s are surfaces, λj ∈ R+ for all j and P is a pseudo-effective class
which is nef in codimension 1.
Claim 4.7. Let S ⊂ X be a surface such that (KX + B + ω)|S is not pseudo-
effective, then S = Sj for some 1 ≤ j ≤ r, S is Moishezon and any desingu-
larization Sˆ → S is a uniruled projective surface.
Proof. Since P is nef in codimension 1, then P |S is pseudo-effective. If S 6= Sj
for all 1 ≤ j ≤ r, then (∑rj=1 λjSj)|S ≥ 0 and hence (KX +B+ω)|S is pseudo-
effective, contradicting our assumptions. Thus, possibly reindexing, we may
assume that S = S1. Let b = multS(B), then 0 < b < 1. We then have
(4.5)
KX + S +B− bS +ω+ 1− b
λ1
(
r∑
j=2
λjSj + P
)
≡
(
1 +
1− b
λ1
)
(KX +B +ω).
Since (KX+B+ω)|S is not pseudo-effective and (B−bS+ω+ 1−bλ1 (
∑r
j=2 λjSj+
P ))|S is pseudo-effective, from the above equality it follows that (KX +S)|S is
not pseudo-effective. Let pi : Sˆ → S be the minimal resolution of S dominating
its normalization S˜, then by Lemma 2.39, there exists an effective divisor
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E ≥ 0 on Sˆ such that KSˆ = pi∗((KS + S)|S) − E. But then it follows that
KSˆ is not pseudo-effective, and hence Sˆ is projective by Lemma 2.41 and also
uniruled. In particular, S is Moishezon. Finally, observe that if S ′ is any
resolution of singularities of S, then it factors through the minimal resolution
Sˆ, and hence S ′ is projective and uniruled. 
Next we establish a form of bend and break.
Claim 4.8. There exists a number d > 0 such that if C ⊂ X is a curve with
−(KX + B + ω) · C > d, then [C] = [C1] + [C2], where C1 and C2 are two
non-zero integral effective 1-cycles.
Proof. First using the arguments of [CHP16, Lemma 4.2] and passing to a dlt
model as in Lemma 2.22, we may assume that (X,B) is dlt and X has terminal
singularities. The proof of this claim involves two main steps, in the first step
we will construct four sets A,B, C and D of finitely many curves of X. These
sets will determine the number d > 0. Next we will show that if C is curve in
X such that −(KX + B + ω) · C > d, then dimC Chow(X) > 0. We proceed
with the constructions of the sets.
Let A be the set of all curves C ⊂ X satisfying the following properties:
(1) (KX +B) · C < 0,
(2) B · C < 0 and
(3) C is contained in a horizontal (over Z) component T of B.
We claim that A is a finite set. Indeed, if C is curve in A contained in
a horizontal component T of B, then T is not uniruled, since the induced
morphism T → Z is generically finite and Z is not uniruled. Let pi : Tˆ → T be
the minimal resolution of T . Then Tˆ is not uniruled, and hence KTˆ pseudo-
effective. Moreover, by MMP and abundance for compact Ka¨hler surfaces,
there exists an effective Q-divisor D ≥ 0 on Tˆ such that KTˆ ∼Q D. Now
since the coefficients of B are contained in the interval (0, 1], there is a non-
negative rational number λ ≥ 0 such that multT (1 + λ)B = 1. Then from our
hypothesis it follows that (KX +(1+λ)B) ·C < 0. Then by Lemma 2.39 there
is an effective Q-divisor E ≥ 0 on Tˆ such that
pi∗((KX + (1 + λ)B)|T ) = KTˆ + E ∼Q D + E.
Therefore, from the projection formula, it follows that pi∗(D +E) ·C < 0, i.e.
C is contained in the support of pi∗(D + E). In particular, the set A is finite.
Now let S be a component of B which is vertical over Z and write
(4.6) KSˆ + E ∼Q pi∗((KX + S)|S),
where pi : Sˆ → S is the minimal resolution of S.
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If κ(Sˆ) ≥ 0, set F := B(KSˆ), where B(·) denotes the stable base locus. If
κ(Sˆ) = −∞, the we set F := 0. Let B be the union of the curves pi∗(E + F )
as S varies over all components of B that do not dominate Z.
Let C be the finite set of curves C ⊂ X which are contained in the singular
locus of the support of B +
∑
Sj.
Let D be the set of all curves C ⊂ X such that ω · C ≤ 0. We claim
that D is a finite set. Indeed, since ω is a modified Ka¨hler class, there exists
a projective bimeromorphic morphism f : Y → X from a compact Ka¨hler
manifold Y and a Ka¨hler class ωY ∈ H1,1BC(Y ) such that f∗ωY = ω. Now since
X has Q-factorial klt singularities and f is projective, by Lemma 2.34 there
exists an effective f -exceptional R-divisor E ≥ 0 such that −E is f -ample and
ωY + [E] = f
∗ω. Now if C is curve from the set D and C ′ ⊂ Y is a curve in Y
such that f(C ′) = C, then 0 ≥ ω · C = f ∗ω · C ′ = (ωY +E) · C ′. This implies
that E · C ′ < 0, since ωY · C ′ > 0, as ωY is a Ka¨hler class. In particular, C ′
is contained in the support of E, since E is effective. Therefore C = f(C ′) is
contained in f(SuppE). Since E is f -exceptional and dimX = 3, it follows
that D is a finite set.
Now we define
d := max{4, −(KX +B+ω) ·C | C ⊂ X is a curve, and C ∈ A∪B∪C ∪D}.
Claim 4.9. For any curve C ⊂ X such that −(KX + B + ω) · C > d, we have
dimC Chow(X) > 0.
Proof. By assumption ω ·C > 0 and so −(KX +B) ·C > d. We will separate
two cases depending on whether B · C < 0 or B · C ≥ 0.
Case I: Suppose that B · C < 0. In this case there is a component S of B
containing C. Moreover, we see that C is not contained in any other component
of B or
∑
Sj, since C 6∈ C, and also that S is not horizontal over Z, since
C 6∈ A. In particular, S is vertical over Z. Now since C 6∈ B, C is not
contained in pi(E), where E and pi : Sˆ → S as in (4.6). Let Cˆ ⊂ Sˆ be the
strict transform of C and multSB = b. Then as S · C < 0, (B − bS) · C ≥ 0
and ω · C > 0, we have
KSˆ · Cˆ ≤ (KSˆ + E) · Cˆ
= (KX + S) · C
= (KX +B + (1− b)S − (B − bS)) · C
≤ (KX +B) · C
< (KX +B + ω) · C
< −d.
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Now if κ(Sˆ) ≥ 0, then as Cˆ is not contained in F = B(KSˆ), it follows that
KSˆ ·Cˆ ≥ 0, which is a contradiction to the above inequality. Thus κ(Sˆ) < 0 and
then from MMP and abundance for smooth compact Ka¨hler surfaces it follows
that KSˆ is not pseudo-effective. Hence Sˆ is projective by Lemma 2.41. Now
since Sˆ is smooth and projective surface and −KSˆ ·Cˆ > d ≥ 4, by [Kol96, The-
orem II.1.15] we have dimCˆ Chow(Sˆ) > 0, i.e. Cˆ deforms in Sˆ, in particular
its push-forward C deforms in S ⊂ X, and hence dim ChowC(X) > 0.
Case II: Suppose now that B · C ≥ 0. Since C 6∈ D, ω · C > 0 and hence
KX · C < (KX + B + ω) · C < −d ≤ −4. Since X has Q-factorial termi-
nal singularities, it follows from [HP16, Theorem 4.5] that C is not very rigid
(see [HP16, Definition 4.3]). Let m be the smallest positive integer such that
dimmC Chow(X) > 0. Let C → T be the corresponding family. Replacing C
by an irreducible component which contains C ⊂ X we may assume that C is
irreducible, and hence so is the locus covered by the family (Ct)t∈T . Conse-
quently, Ct is irreducible for t ∈ T very general. Then from the minimality of
m it also follows that this family has no fixed component. Now by (4.4) there
is a unique surface Sj covered by the {Ct}t∈T . Note that (KX + B + ω)|Sj is
not pseudo-effective, since (KX +B+ω)|Sj ·Ct = m(KX +B+ω) ·C < 0. By
Claim 4.7, the minimal resolution Sˆ of S = Sj is projective and uniruled. Since
C 6∈ C, we have that C is not contained in Sl for l 6= j and hence Sl · C ≥ 0
for l 6= j. Since P |Sj is pseudo-effective,
P ·mC = P |Sj ·mC = P |Sj · Ct ≥ 0.
Using the same notation as in Claim 4.7 and its proof we see that E ·mCˆ ≥ 0
and ω ·mC > 0, where Cˆ is the strict transform of C under pi : Sˆ → S = Sj.
We also know that Sj · C < 0. Therefore from (4.5) we have
KSˆj ·Cˆ ≤ (KSˆj+Ej)·Cˆ = (KX+Sj)·C ≤
(
1 +
1− b
λ1
)
(KX+B+ω)·C < −d ≤ −4.
By [Kol96, Theorem II.1.15], we have dimCˆ Chow(Sˆj) > 0, i.e. Cˆ deforms in Sˆ.
Thus by pushing forward Cˆ we have that C deforms, i.e., dimC Chow(X) > 0.

We will now prove the bend and break property, i.e. the Claim 4.8. If
C ⊂ X is a curve satisfying −(KX + B + ω) · C > d, then from Claim 4.9
and its proof it follows that, the curve C deforms in a family {Ct}t∈T covering
a unique uniruled surface S = Sj in (4.4) such that (KX + B + ω)|S is not
pseudo-effective. We also know that the curve C is contained in S but not in
S
sing
. Moreover, if pi : Sˆ → S is the minimal resolution of S, then we know
from Claim 4.7 that Sˆ is a projective uniruled surface. Now from the proof of
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Claim 4.9 we have KSˆ · C < −d ≤ −4. Thus by [HP16, Lemma 5.5(b)] there
is an effective 1-cycle
∑m
k=1 Ck with m ≥ 2 such that [Cˆ] = [
∑m
k=1Ck] and
KSˆ ·Ci < 0 for i = 1, 2. Since pi : Sˆ → S is the minimal resolution, KSˆ is pi-nef
and hence pi∗Cj 6= 0 for j = 1, 2. In particular, we also have a decomposition
[C] = [
∑m
k=1 pi∗Ck] with at least two non-zero terms. This concludes the proof
of Claim 4.8.

The theorem now follows from Claim 4.8 and the arguments in the proof of
[CHP16, Theorem 4.2]. 
Corollary 4.10. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Suppose that X is uniruled and the base of the MRC fibration
X 99K Z is a surface. Let ω be a modified Ka¨hler class such that KX +B + ω
is pseudo-effective. If (KX + B + ω) · Xz > 0 for general z ∈ Z, then there
exist finitely many curves {Γi}Ni=1 such that
NA(X) = NA(X)(KX+B+ω)≥0 +
N∑
i=1
R+[Γi].
Proof. Pick t = −(KX+B)·Xz/ω ·Xz, then 0 < t < 1 and (KX+B+tω)·Xz =
0. By Theorem 4.6, there exists a countable family of rational curves Γi with
0 < −(KX +B + tω) · Γi ≤ d and
NA(X) = NA(X)(KX+B+ω)≥0 +
∑
R+[Γi].
Claim 4.11. ω · Γi > d/(1− t) for all but finitely many i’s.
Assuming the claim for the time being we will complete the proof first.
Using the claim we have
(KX +B + ω) · Γi = (KX +B + tω) · Γi + (1− t)ω · Γi > 0
for all but finitely many i’s. This concludes the proof.
Proof of Claim 4.11. Since ω is a modified Ka¨hler class, there exists a pro-
jective bimeromorphic morphism ν : X ′ → X from a Ka¨hler manifold X ′
and Ka¨hler class ω′ ∈ H1,1BC(X ′) such that ν∗ω′ = ω. Then by Lemma 2.34
there exists an effective ν-exceptional divisor F ≥ 0 such that −F is ν-ample,
SuppF = Ex(ν) and ν∗ω = ω′+ [F ]. Now let Γ′i be the strict transform of the
curve Γi which is not contained in ν(F ). Note that since dim ν(F ) ≤ 1, there
are only finitely many Γi’s contained in ν(F ).
We will assume by contradiction that the claim is false, i.e. ω ·Γi ≤ d/(1−t)
for infinitely many indices i. Let Λ be the set of indices for all such curves
Γi. Without loss of generality we may assume that Γi is not contained in
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Supp(ν(F )) for any i ∈ Λ. Observe that the Γi’s for i ∈ Λ belong to distinct
equivalence classes in NA(X); in particular, the strict transforms Γ′i also belong
to distinct equivalence classes in NA(X ′) for all i ∈ Λ. Now by the projection
formula we have
ω′ · Γ′i = (ν∗ω − F ) · Γ′i ≤ ω · Γi ≤ d/(1− t) for all i ∈ Λ.
Since ω′ is a Ka¨hler class, by [Tom16, Lemma 4.4] the curves Γ′i belong to a
bounded family for all i ∈ Λ. In particular, the Γ′i’s belong to a finitely many
distinct equivalence classes in NA(X ′), this is a contradiction. 

Next we prove a technical result which will be used in the existence of small
contractions (see Theorem 4.14) and also in Section 6.
Proposition 4.12. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Assume that X is uniruled, KX + B is not pseudo-effective,
and the base of the MRC fibration X 99K Z has dimension 2. Let R = R+[Γi]
be an extremal ray of NA(X) with a nef supporting class α. Assume that
there is a nef and big class η such that KX + B + η is pseudo-effective and
(KX +B+ η) ·R < 0. If R is small and S ⊂ X is an irreducible surface, then
the following holds:
α2 · S > 0.
Proof. First note that by a standard technique using Theorem 4.6 and Corol-
lary 4.10 we can write α − (KX + B + η) = ω, for some Ka¨hler class ω, i.e.
α = KX + B + η + ω. By contradiction assume that α
2 · S = (α|S)2 = 0.
First assume that α|S = 0. Then we have −(KX + B)|S = (η + ω)|S. Thus
−(KX + B)|S is an ample divisor on S, in particular, S is projective. So we
can cover S by a family of curves. But since α|S = 0, all these curves are
contained in R, this is a contradiction, since R is small.
Next assume that α|S 6= 0 but (α|S)2 = 0. Then we have
0 = α2 · S = (KX +B) · α · S + (η + ω) · α · S
and
(η + ω) · α · S = (η + ω)|S · α|S > 0, since α|S is a non-zero nef class.
Therefore we have
(4.7) (KX +B) · α · S < 0.
By a similar computation we also have
(4.8) (KX +B + η) · α · S < 0.
In particular, (KX + B)|S (resp. (KX + B + η)|S) is not pseudo-effective,
since α|S is a nef class.
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Let pi : Sˆ → S be the minimal resolution of S dominating the normalization
of S. We make the following claim.
Claim 4.13. There is an effective Q-divisor E ≥ 0 in Sˆ such that
(KSˆ + E) · pi∗(α|S) < 0.
Note that once we have this claim, the rest of the poof works exactly as in
the proof of [CHP16, Proposition 4.4], since the only thing used there is this
property of the nef class pi∗(α|S), and it does not depend on whether KX +B
is pseudo-effective or not. In the following we will prove our claim.
Proof of Claim 4.13. We will split the proof into two cases.
Case I: Assume that B · α · S = B|S · α|S < 0. Then S is contained in the
support of B, since α|S is nef. Then there exists a real number λ ≥ 0 such
that the coefficient of S in (1 + λ)B is 1. Then using (4.7) we have
(KX + (1 + λ)B) · α · S ≤ (KX +B) · α · S < 0.
Thus by adjunction (see Lemma 2.39), there exists an effective Q-divisor E
on Sˆ such that
(KSˆ+E)·pi∗(α|S) = pi∗((KX+(1+λ)B)|S)·pi∗(α|S) = (KX+(1+λ)B)·α·S < 0.
This proves our claim in this case.
Case II: Assume that B · α · S ≥ 0. Then we have
(4.9) KX · α · S ≤ (KX +B) · α · S < 0.
Now consider the Zariski decomposition of KX +B + η:
KX +B + η ≡
r∑
j=1
λjSj + P,
where λj ≥ 0 for all j and P is nef in codimension 1.
We claim that S = Sj for some j. If not, then
∑
λjSj|S + P |S is pseudo-
effective. But then from (4.8) we have
0 > (KX+B+η)·α·S =
((∑
λjSj|S
)
· α|S + P |S · α|S
)
≥ 0, a contradiction.
Next we claim that α · S2 < 0. To see this first assume that S = S1. Then we
have
0 > (KX +B + η) · α · S =
(
r∑
j=2
λjSj|S · α|S
)
+ λ1α · S2 + P |S · α|S.
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Since the first and the last term in the right hand side are non-negative, it
follows that α ·S2 < 0. Combining this with (4.9) we have (KX +S) ·α ·S < 0.
Then by adjunction (see Lemma 2.39) there exists an effective Q-divisor E on
Sˆ such that
(KSˆ + E) · pi∗(α|S) = pi∗((KX + S)|S) · pi∗(α|S) = (KX + S) · α · S < 0.
This completes the proof of the claim.


4.2. Existence of divisorial contractions and flips.
Theorem 4.14. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Suppose that X is uniruled and the dimension of the base of
the MRC fibration X 99K Z is 2, and (KX + B) · F < 0 for a general fiber F
of X 99K Z. Let ω be a Ka¨hler class (or more generally a nef and big class)
such that KX + B + ω is pseudo-effective, and R is a (KX + B + ω)-negative
extremal ray. Then the contraction cR : X → Y of the ray R exists. Moreover,
if cR is a small contraction, then the flip of cR exists.
Proof. By a similar proof as in [CHP16, Proposition 4.3] we may assume that
the extremal ray R is cut out by a (1, 1) nef class α. Rescaling α if necessarily,
we see that η = α− (KX +B + ω) is positive on NA(X) \ {0}, and hence η is
a Ka¨hler class by [HP16, Corollary 3.16]. Thus it follows that α is a nef and
big class, since KX +B + ω is pseudo-effective.
Suppose that R is small, then the contraction cR exists by [CHP16, Theorem
4.2]. Note that this proof works in our case if we replace [CHP16, Proposition
4.4] by Proposition 4.12. Since ω ·R ≥ 0 (as ω is nef), we have (KX+B)·R < 0
and so this is also a KX + B flipping contraction. The existence of the flip
then follows from Theorem 2.18.
If R is of divisorial type, then the corresponding irreducible divisor S is
covered by and contains all the curves C ⊂ X such that [C] ∈ R. Recall
from Notation 1.4 that there is a desingularization ν : S˜ → S and an α-trivial
fibration f˜ : S˜ → T with dimT = n(α) ∈ {0, 1}.
If n(α) = 0, then the existence of cR follows by the same arguments as in
[HP16, Corollary 7.7]. Note in fact that in this case it suffices to show that if
mS is Cartier, then (−mS)|S is ample. This in turn is a consequence of the
fact that −mS ·R > 0.
If n(α) = 1, and (S, 0) has semi-log canonical singularities, then the exis-
tence of cR follows from [CHP16, Proposition 4.5].
The general case follows from the proof of Theorem 1.5. For the convenience
of the reader we indicate all necessary adjustments to this proof. We may
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assume that (X,B) is klt, η = α − (KX + B + ω) is Ka¨hler and α is nef and
big. Note that as ω is nef, R · (KX + B) < 0. In particular, there is an a > 0
such that KX + B ≡α aS. Let µ : X ′ → X be a log resolution of (X,B) and
set ∆′ = µ−1∗ (B + (1 − b)S) + Ex(µ) and S ′ = µ−1∗ S. Since µ is a projective
morphism, after running a (KX + ∆
′)-MMP over X via Proposition 2.20, we
may assume that µ is an isomorphism over the complement of S (since (X,B)
is Q-factorial and klt). Then we have
KX′ + ∆
′ = µ∗(KX +B) +
∑
cjEj + (1− b)S ′ ≡µ∗α
∑
djEj + dS
′,
where dj ≥ cj > 0 and d > 1− b > 0.
We now run the α′ = µ∗α-trivial (KX′ + ∆′)-MMP. We must show by in-
duction that all flips and divisorial contractions exist. Suppose that we have
already constructed the first i steps
φi : X
′ 99K X ′1 99K . . . 99K X ′i.
Note however that in our situation α′i := φi,∗α
′ is nef and big, and hence
KX′i +∆
′
i+ tiα
′
i is pseudo-effective for some ti > 0. Now if there is an α
′
i-trivial
and (KX′i + ∆
′
i + tiα
′
i)-negative curve, then by Lemma 2.37 combined with
Theorem 4.6 and Corollary 4.10 it follows that there is an extremal ray R′i of
NA(X ′i) which is α
′
i-trivial and (KX′i + ∆
′
i)-negative. If R
′
i is small, then its
contraction and the flip both exist by the discussion above. If R′i is divisorial,
say the corresponding unique divisor is S ′i, then S
′
i is a component of b∆′ic.
Since (X ′i,∆
′
i) is dlt, it follows that (S
′
i, 0) has log canonical singularities, and
hence the contraction of S ′i exists by the discussion above. Finally, by Theorem
2.19 this MMP terminates after a finitely many steps.
The rest of the proof is identical to that of Theorem 1.5, since in the corre-
sponding part of the proof of Theorem 1.5 we never used the fact that KX +B
is pseudo-effective.

5. Existence of Mori fiber spaces
In this section we will prove Theorem 1.2. But first we need some prepara-
tion. The following result is a log-version of [HP15, Theorem 1.3].
Theorem 5.1. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Suppose that X is uniruled and the base of the MRC fibration
f : X 99K Z has dimension 2 and (KX +B) ·F < 0, where F is a general fiber
of f . Then there is a bimeromorphic map φ : X 99K X ′ given by a sequence
of KX + B flips and divisorial contractions such that for any (KX′ + B
′)-
normalized Ka¨hler class ω′ on X ′, the adjoint class KX′+B′+ω′ is nef, where
B′ = φ∗B.
THE LOG MINIMAL MODEL PROGRAM FOR KA¨HLER 3-FOLDS 37
Proof. Suppose that there is a (KX + B)-normalized Ka¨hler class ω on X,
such that the adjoint class KX + B + ω is not nef. Replacing B by (1 − )B
and ω by ω + B for 0 <   1, we may assume that (X,B) is klt. By
Theorem 4.6, there is a KX + B + ω negative extremal ray Ri. By Theorem
4.14, we may flip or contract Ri. Repeating this procedure, since every step is
(KX + B)-negative, by Theorem 2.19 we obtain the required bimeromorphic
map φ : X 99K X ′. 
Following the same ideas as in [HP15] we prove a log version of [HP15,
Theorem 1.4] below.
Theorem 5.2. Let (X,B) be a terminal pair, where X is a Q-factorial com-
pact Ka¨hler 3-fold. Suppose that X is uniruled and the base of the MRC-
fibration f : X 99K Z has dimension 2 and (KX + B) · F < 0, where F is a
general fiber of f . Let ω be a nef and big class on X such that KX +B + ω is
nef and (KX +B+ω) ·F = 0. Then there exists a proper surjective morphism
with connected fibers ϕ : X → S onto a normal compact Ka¨hler surface S such
that KX +B + ω is ϕ-trivial, i.e., (KX +B + ω)|Xs ≡ 0 for all s ∈ S.
Proof. We will closely follow the proof of [HP15, Theorem 1.4] here. We will
consider the nef dimension n(KX + B + ω). First note that, since a dense
open subset of X is covered by (KX +B+ω)-trivial curves, the nef dimension
n(KX + B + ω) ≤ 2. We claim that n(KX + B + ω) = 2. Indeed, if the
nef dimension is 0, then −(KX + B) ≡ ω, and thus −(KX + B) is nef and
big. In particular, X is a Moishezon space. Since X is also Ka¨hler and has
rational singularities, by [Nam02, Theorem 1.6] X is projective. Then by
[Zha06, Theorem 1] X is rationally connected. This contradicts the fact that
the base of the MRC fibration of X has dimension 2. If the nef dimension
is 1, then there is a proper surjective morphism f : X → C to a smooth
prjective curve C such that (KX + B + ω)|F ≡ 0 for all general fibers F of f
(see [BCE+02, 2.4.4]). Now since X has terminal singularities, a general fiber
F is smooth, and thus by adjunction we have (KX + B)|F = KF + B|F such
that (F,B|F ≥ 0) has klt singularities. Moreover, from Lemma 5.3 we see
that −(KF +B|F ) ≡ ω|F is nef and big. Therefore by [Zha06, Theorem 1] the
general fiber of f is rationally connected. This contradicts the fact that the
base of the MRC fibration of X has dimension 2. Thus n(KX + B + ω) = 2
as claimed.
There is an induced rational map Z 99K Chow(X) sending the general points
of Z to the point corresponding to the general fibers of the MRC fibration
X 99K Z. Replace Z by an appropriate resolution so that Z → Chow(X)
is a morphism, and let Γ → Z be the normalization of the pull-back of the
universal family over Chow(X). Then Γ is a normal compact complex 3-fold
with equi-dimensional fibers of dimension 1 over Z. Let p : Γ → X and
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q : Γ → Z be the projection maps. Note that as observed in the proof of
[HP15, Theorem 1.4], Γ is in Fujiki’s class C and hence by [Var86, Theorem
3], Z is in Fujiki’s class C. Moreover, since Z is a smooth compact surface, by
[Fuj83, Proposition 2, page 104] Z is Ka¨hler.
We claim that there is a nef and big (1, 1)-class α on Z such that
(5.1) p∗(KX +B + ω) = q∗α.
We split our proof into 4 steps below as in the proof of [HP15, Theorem 1.4].
Step 1: This step shows the existence of a (1, 1) nef class α on Z satisfying (5.1).
The proof of this step is exactly same as the proof of Step 1 of [HP15, Theorem
1.4]. However, for the convenience of the reader, we include the details here.
Since the general fiber of q is a rational curve, by [Kol96, II, 2.8.6.2], it follows
that R1q∗OΓ = 0. Consider the exponential sequence
0→ Z→ OΓ → O∗Γ → 0.
Since OZ = q∗OΓ → q∗O∗Γ = O∗Z is surjective, we have R1q∗Z = 0. By the
universal coefficient theorem R1q∗R = 0. We now consider the Leray spectral
sequence Ei,j2 = H
i(Z,Rjq∗R) degenerating to H∗(Γ,R). Since Ei,12 = 0 for all
i, it follows that there is an exact sequence
0→ H2(Z,R)→ H2(Γ,R)→ H0(Z,R2q∗R).
To show that [p∗(KX+B+ω)] = [q∗α] it then suffices to show that if s ∈ E0,22 =
H0(Z,R2q∗R) is the section defined by s(z) = [p∗(KX+B+ω)|Γz ] ∈ H2(Γz,R),
then s = 0. Since R2q∗R is constructible (see [EZS10, Proposition 3.5]), then
the section s vanishes if and only if it vanishes point wise. Note that since
ω is a (KX + B)-normalized Ka¨hler class, the claim clearly holds for general
z ∈ Z. Since Γ→ Z is equi-dimensional and p∗(KX +B + ω) is nef, it follows
that p∗(KX +B +ω) ≡ 0 on every irreducible component of every fiber. Note
that since q∗α is nef, α is also nef by [Pau98, Theorem 1].
Step 2: Since X has Q-factorial terminal singularities, the proof of this step is
also the same the proof of Step 2 of [HP15, Theorem 1.4], so we skip the details
here. With the notation as in the Step 2 of the proof of [HP15, Theorem 1.4]
let µ : Xˆ → Γ be a resolution of singularities of Γ such that the exceptional
locus of pˆ = p ◦ µ : Xˆ → X has pure codimension 1. Set qˆ = q ◦ µ. Then we
have
(5.2) qˆ∗α · Dˆ = 0 in N1(X)
for every irreducible component Dˆ of the exceptional locus of pˆ.
Next we claim that α is a big class on Z, i.e., α2 > 0. This is Step 3 below.
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Step 3: The proof of this step is almost identical to the proof of Step 3 of
[HP15, Theorem 1.4]. We include the details here for the convenience of the
reader. Note that using Lemma 2.37 from now on we may assume that ω is
a modified Ka¨hler class; observe that we loose the nefness of ω here, but it is
not needed in the rest of the proof. Then by Lemmas 2.33 and 2.34, replacing
Xˆ by a higher resolution of Γ if necessary, we may assume that there is an
effective pˆ-exceptional R-divisor F ≥ 0 on Xˆ such that pˆ∗ω − F is a Ka¨hler
class. Since the Ka¨hler cone is open, there is a Ka¨hler class ηZ on Z such that
pˆ∗ω − F − qˆ∗ηZ is a Ka¨hler class on Xˆ. Then by a similar argument as in the
proof of Lemma 4.2 it follows that
(5.3) KXˆ/Z + Bˆ + pˆ
∗ω − F − qˆ∗ηZ is pseudo-effective,
where KXˆ + Bˆ = pˆ
∗(KX + B) + E, Bˆ ≥ 0, E ≥ 0, pˆ∗Bˆ = B, and Bˆ and E do
not share any common component.
Now we have
(5.4) pˆ∗(KX +B+ω) = (KXˆ/Z + Bˆ+ pˆ
∗ω−F − qˆ∗ηZ)−E+F + qˆ∗KZ + qˆ∗ηZ .
We will show that qˆ∗α2 = qˆ∗α · pˆ∗(KX +B + ω) is a non-zero class in NA(Xˆ).
To that end first observe that, since α is nef and KXˆ/Z + Bˆ + pˆ
∗ω − F − qˆ∗ηZ
is pseudo-effective, the intersection product qˆ∗α · (KXˆ/Z + Bˆ+ pˆ∗ω−F − qˆ∗ηZ)
is an element of NA(Xˆ). Since E and F are both pˆ-exceptional, from (5.2) it
follows that qˆ∗α · (−E + F ) = 0 in NA(Xˆ). Now since the surface Z is not
uniruled, by classification KZ is pseudo-effective; in particular, qˆ
∗α · qˆ∗KZ is
an element of NA(Xˆ). Now recall that α 6= 0, since KX +B+ω 6= 0. Since ηZ
is a Ka¨hler class and α is a non-zero nef class, the Hodge index theorem yields
ηZ · α > 0 (see Lemma 2.38). In particular, qˆ∗α · qˆ∗ηZ is a non-zero element
of NA(Xˆ). Therefore qˆ∗α2 = qˆ∗α · pˆ∗(KX + B + ω) is a non-zero element of
NA(Xˆ), and thus α2 6= 0 in N1(Z).
Step 4: Finally, Step 4 of the proof of [HP18, Theorem 1.4] shows the existence
of a fibration ϕ : X → S such that (KX +B + ω)|Xs ≡ 0 for s ∈ S. This step
works here without any change, and completes our proof.

Lemma 5.3. Let X be a normal compact Ka¨hler variety and f : X → C a
proper surjective morphism to a smooth projective curve C. Let ω ∈ H1,1BC(X)
be a nef and big class. Then the restriction ω|F is nef and big for general fibers
F of f .
Proof. Let g : X ′ → X be a resolution of singularities of X. Then by [CT15,
Theorem 1.1], the non-Kahler locus EnK(g∗ω) = Null(g∗ω) (see Def. 6.1 for
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the definition of Null(·)). Since by [CT15, Theorem 2.2] EnK(g∗ω) is a closed
analytic subset of X ′, if F ′ is the strict transform of a general fiber F of
f , then F ′ 6⊂ EnK(g∗ω). In particular, by the projection formula we have
0 < (g∗ω)n−1 · F ′ = ωn−1 · F = (ω|F )n−1 where n = dimX. Therefore ω|F is a
nef and big class for general fibers F of f . This completes the proof.

Corollary 5.4. Let (Y,BY ) be a klt pair, where Y is a Q-factorial compact
Ka¨hler 3-fold. Suppose that Y is uniruled and the base of the MRC-fibration
g : Y 99K Z ′ has dimension 2. Let ωY be a nef and big class on Y such that
KY +BY +ωY is nef and (KY +BY +ωY ) ·F = 0, where F is a general fiber of
g. Then there exists a proper surjective map with connected fibers ψ : Y → S
onto a normal compact Ka¨hler surface S such that KY +BY +ωY is ψ-trivial,
i.e., (KY +BY + ωY )|Ys ≡ 0 for all s ∈ S.
Proof. Let h : X → Y be a terminalization of the pair (Y,BY ) (cf. Lemma
2.21). Set KX +B := h
∗(KY +BY ) and ω = h∗ωY . Then we have
KX +B + ω = h
∗(KY +BY + ωY ).
Note that since dimZ ′ = 2, then general fibers of g : Y 99K Z ′ and g◦h : X 99K
Z ′ are isomorphic. In particular, if F is a general fiber of g ◦ h : X 99K Z ′,
then (KX + B + ω) · F = (KY + BY + ωY ) · F = 0. Thus by Theorem 5.2
there is a proper surjective morphism with connected fibers ϕ : X → S to a
Ka¨hler surface S such that KX +B + ω is ϕ-trivial. With the notations as in
the proof of Theorem 5.2 we get the following commutative diagram.
(5.5) Xˆ
pˆ

qˆ

µ

Γ
p
~~
q

X
h
~~
f //
ϕ
  
Z
ν

Y S
Using the rigidity lemma now we will show that the fibration ϕ : X → S
factors through h : X → Y . Note that the fibers of h are covered by curves by
Lemma 2.25, so it is enough to work with the curves contained in the fibers
of h. Let C be a curve in X contracted by h. Then (KX + B + ω) · C =
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h∗(KY +BY +ωY ) ·C = 0. Let Cˆ be a curve in Xˆ such that pˆ(Cˆ) = C. Recall
from the proof of Theorem 5.2 that pˆ∗(KX + B + ω) = qˆ∗α for some nef and
big class α on Z. Thus we have
qˆ∗α · Cˆ = pˆ∗(KX +B + ω) · Cˆ = (KX +B + ω) · C = 0.
Therefore α · qˆ∗(Cˆ) = 0. Now recall from the construction of ν : Z → S in Step
4 of the proof of [HP15, Theorem 1.4] that the morphism ν : Z → S contracts
exactly the α-trivial curves. Therefore, either Cˆ is contracted qˆ, or its image is
contracted by ν. In particular, from the diagram (5.5) it follows that the curve
C ⊂ X is contracted by ϕ : X → S. Therefore, by the rigidity lemma (see
[BS95, Lemma 4.1.13]), there is a proper surjective morphism with connected
fibers ψ : Y → S such that ϕ = ψ ◦ h. It is then clear that KY + BY + ωY is
ψ-trivial.

The following theorem is an application of Corollary 5.4 and also a general-
ization of [TZ18, Theorem 2.7].
Theorem 5.5. Let (X,B) be a klt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Let ω be a nef and big class on X such that α := KX +B+ω is
nef but not big. Then there exists a proper surjective morphism with connected
fibers ψ : X → Y onto a normal compact Ka¨hler surface Y with rational
singularities and a Ka¨hler class αY ∈ H1,1BC(Y ) such that α = ψ∗αY .
Proof. We will closely follow the arguments in [TZ18, Theorem 2.7]. First
observe that, since ω is a big class and α is not big, KX + B is not pseudo-
effective; in particular KX is not pseudo-effective. Therefore X is uniruled.
Let X 99K T be the MRC fibration of X. If dimT ≤ 1, then from Lemma 2.40
and its proof it follows that X is projective and H2(X,OX) = 0. In particular,
α is an R-divisor in this case, and our result follows from the well known base-
point free theorem. So from now on we assume that dimT = 2. Now we claim
that ω is a (KX +B)-normalized nef and big class, i.e. (KX +B + ω) · F = 0
for general fibers F of X 99K T . If not, then by Lemma 4.4 there exists a
0 < µ < 1 such that (KX + B + µω) · F = 0, where F ∼= P1 is a general
fiber of the MRC fibration X 99K T . Then by Corollary 4.3, KX + B + µω is
pseudo-effective. Thus we have α = (KX +B + µω) + (1− µ)ω is a big class,
a contradiction.
Now by Corollary 5.4 there exists a proper surjective morphism f : X → Y
to a normal compact Ka¨hler surface Y such that (KX +B + ω)|Xy ≡ 0 for all
y ∈ Y . Also, as in the proof of Theorem 5.2 (see diagram (5.5) for the dlt
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case) we get the following commutative diagram:
(5.6) Γ
q //
p

Z
ν

X
f // Y
where Z is a smooth compact Ka¨hler surface, Γ is a normal 3-fold in Fujiki’s
class C, and p and ν are bimeromorphic.
Replacing Γ by a resolution we may further assume that Γ is a compact
Ka¨hler 3-fold (see Definition 2.2.(i)). As in the proof of Corollary 5.4 and
Theorem 5.2 we have p∗α = q∗β for some nef and big (1, 1) class β on Z.
We claim that β is pullback of a Ka¨hler class from Y . To see this, first
recall that from the Step 4 of the proof of [HP15, Theorem 1.4] it follows
that Ex(ν) = Null(β) (see Definition 6.1 for Null(β)). Moreover, by Lemma
2.42, Y has rational singularities. Thus by Lemma 2.8 there is a (1, 1) class
γ ∈ H1,1BC(Y ) such that β = ν∗γ. Then γ is nef and big (see [Pau98, Theorem
1]), and by the projection formula we have γ2 = (ν∗γ)2 = β2 > 0. Moreover,
if C ⊂ Y is a curve and C ′ ⊂ Z its strict transform, then β · C ′ > 0, since
Null(β) = Ex(ν) and C ′ is not contained Ex(ν). Then again by the projection
formula we have γ · C = ν∗γ · C ′ = β · C ′ > 0. Finally, since Y is a normal
surface, it has only finitely many (rational) singular points. Therefore by
[Ho¨r18, Lemma 2.1], γ is a Ka¨hler class on Y . This proves the claim.
Now from the commutativity of the diagram (5.6) we have p∗(f ∗γ − α) =
0. Since p∗ : H1,1BC(X) → H1,1BC(Γ) is injective, we have f ∗γ − α = 0, i.e.
KX +B+ω = f
∗γ, where γ is a Ka¨hler class on Y . This completes the proof.

Corollary 5.6. Let (X,B) be a dlt pair, where X is a Q-factorial compact
Ka¨hler 3-fold. Let ω be a Ka¨hler class on X such that α := KX + B + ω
is nef but not big. Then there exists a projective surjective morphism with
connected fibers ψ : X → Y onto a normal compact Ka¨hler surface Y with
rational singularities and a Ka¨hler class αY ∈ H1,1BC(Y ) such that α = ψ∗αY .
Proof. Replacing B is by (1−ε)B and ω by ω+εB for ε ∈ Q+ sufficiently small,
we may assume that (X,B) is klt. Then the result follows from Theorem 5.5.
Note that the projectivity of ψ in this case follows from the fact that−(KX+B)
is ψ-ample, since −(KX +B)|Xy ≡ ω|Xy for all y ∈ Y and ω is a Ka¨hler class.

As a last result of this section we prove Theorem 1.2.
Proof of Theorem 1.2. Since KX+B is not pseudo-effective, KX is not pseudo-
effective. Thus by [Bru06, Corollary 1.2] applied to a resolution of X it follows
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that X is uniruled. By Lemma 2.40, we may assume that the dimension of the
base of the MRC fibration X 99K Z is 2. Let F be a general fiber of the MRC
fibration f : X 99K Z. By Lemma 4.4, if (KX + B) · F ≥ 0, then KX + B is
pseudo-effective, contradicting our assumption. Therefore (KX + B) · F < 0.
By Theorem 5.1, there is a (KX + B)-MMP, φ : X 99K X ′ such that for
every (KX′ + B
′)-normalized Ka¨hler class ω′, the class KX′ + B′ + ω′ is nef,
where B′ = φ∗B. Since X ′ is Ka¨hler and (KX′ + B′) · F ′ < 0, where F ′ ∼= F
is a general fiber of the induced MRC fibration X ′ 99K Z, we may pick a
(KX′ + B
′)-normalized Ka¨hler class, say ω′. By Corollary 5.4, there exists a
holomorphic fibration ψ : X ′ → S ′ on to a normal compact Ka¨hler surface S ′
such that KX′ +B
′+ω′ is ψ-trivial, i.e., (KX′ +B′+ω′)|X′
s′
≡ 0 for all s′ ∈ S ′.
In particular, ψ is a projective morphism and so the theorem now follows
from the usual relative minimal model program for projective morphisms as
in Proposition 2.20. 
6. Applications
In this section we prove a log version of the base-point free Theorem 1.7 for
Ka¨hler 3-folds. But first we need some preparation.
Definition 6.1. Let X be a normal compact Ka¨hler variety and α ∈ H1,1BC(X)
is a nef and big class. Then we define the null locus of α as follows:
Null(α) =
⋃
Z⊂X,
dimZ>0,
αdimZ ·Z=0
Z.
A priori we do not know whether Null(α) is a closed subvariety of X or not.
Proposition 6.2. Let X be a normal Q-factorial compact Ka¨hler 3-fold with
klt singularities. Let α be a nef and big (1, 1) class on X. Assume that
Null(α) consists only finitely many curves of X. Then there exists a proper
bimeromorphic morphism µ : X → Z onto a normal analytic variety Z
such that every connected component of Null(α) is contracted to a point and
Y \ Null(α) ∼= Z \ µ(Null(α)).
Proof. The proof of [CHP16, Theorem 4.2]holds here without any change.
Note that the proof of Theorem 4.2 of [CHP16] uses [CHP16, Proposition 4.4],
however, this proposition is only used to prove that Null(α) consists of finitely
many curves, which is part of our hypothesis here.

Lemma 6.3. Let X be a normal compact analytic variety of dimension 3. Let
α ∈ H1,1BC(X) be a nef and big class such that αdimV · V > 0 for every positive
dimensional subvariety V ⊂ X. Then α is a Ka¨hler class.
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Proof. Let f : Y → X be a resolution of singularities of X. Then f ∗α is a
nef and big class on Y , and by the projection formula and [CT15, Theorem
1.1] it follows that EnK(f ∗α) = Null(f ∗α) = Ex(f). Next, by Demailly’s
regularization theorem [Dem92] and [Bou04, Theorem 3.17(ii)], there exists a
Ka¨hler current T with analytic singularities contained in the class f ∗α such
that T is singular (i.e., not a smooth form) precisely along the exceptional
locus of f . Therefore the current f∗T (contained in the class α) is a Ka¨hler
current which is singular along the closed set f(Ex(f)). Since dimX = 3,
we have that dim f(Ex(f)) ≤ 1. Now, since by construction f∗T is a smooth
form on the open set X \ f(Ex(f)), the Lelong numbers ν(f∗T, x) = 0 for all
x ∈ X \ f(Ex(f)). Thus for any positive real number c > 0, the Lelong sub-
level sets Ec(f∗T ) := {x ∈ X | ν(f∗T, x) ≥ c} are contained in f(Ex(f)). By
a theorem of Siu [Siu74], we know that Ec(T ) is a closed analytic subset of X
for all c > 0. Therefore every irreducible component of Ec(T ) is either a pro-
jective curve or a point contained in f(Ex(f)) for all c > 0. Let C ⊂ f(Ex(f))
be an irreducible projective curve. Then first observe that if ν : C˜ → C is the
normalization, then NSR(C˜) = H
1,1
BC(C˜), since H
2(C˜,OC˜) = 0. Therefore α|C˜
is a class of an R-Cartier nef divisor on C˜ and in fact, it is and ample class,
since deg(α|C˜) = α ·C > 0 by hypothesis. Now pushing-forward α|C˜ by ν, we
see that α|C is a class of an R-Cartier divisor on C. Since ν is finite, α|C is an
ample class on C, hence a Ka¨hler class. Then by [DP04, Proposition 3.3(iii)]
it follows that α is a Ka¨hler class on X.

Theorem 6.4. Let (X,B) be a klt pair, where X is a normal Q-factorial
compact Ka¨hler 3-fold. Let ω be a nef and big class on X such that α :=
KX+B+ω is nef and big. Then there exists a proper bimeromorphic morphism
ψ : X → Z onto a normal compact Ka¨hler 3-fold Z with rational singularities
and a Ka¨hler class αZ ∈ H1,1BC(Z) on Z such that α = ψ∗αZ.
Proof. We closely follow the arguments of [Ho¨r18, Theorem 1.3]. For the
convenience of the reader, we reproduce these arguments here indicating the
necessary changes. The main idea is to construct ψ by running an α-trivial
mmp and then to contract the remaining α-trivial curves. First note that using
Lemma 2.37 we may assume that ω is a modified Ka¨hler class on X. Now if
H2(X,OX) = 0, then α is an R-divisor. Therefore X is a Moishezon space
with rational singularities. Then by [Nam02, Theorem 1.6] X is projective, and
the results follows from a well known base-point free theorem for projective
varieties. So assume that X is not projective, and H2(X,OX) 6= 0. Then
either X is not uniruled and hence KX is pseudo-effective, or X is uniruled
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and the base of the MRC fibration X 99K Z has dimension 2 (see Lemma 2.40
and its proof).
We will run the α-trivial (KX+B)-MMP. We start with (X0, B0) := (X,B), ω0 :=
ω and α0 := α. By induction assume that we have already constructed the
first i steps
φi : X0 99K X1 99K X2 99K . . . 99K Xi.
Note that (Xi, Bi := φi,∗B) is klt, ωi = φi,∗ω is modified Ka¨hler and αi = φi,∗α
is nef and big. Now suppose that there is an αi-trivial curve C ⊂ Xi such that
(KXi + Bi) · C < 0. We will show that there is an αi-trivial flip or divisorial
contraction µi : Xi 99K Xi+1. If KXi + Bi is not pseudo-effective (and hence
the base of the MRC fibration Xi 99K Zi has dimension 2), then by Lemma
4.4 it follows that (KXi +Bi) · Fi < 0 for general fibers Fi of Xi 99K Zi.
The existence of µi follows from Theorem 4.6, Corollary 4.10 and Theorem
4.14. To see this, pick 0 <   1 and note that KXi + Bi + (1 − )ωi is big
and in particular (KXi +Bi + (1− )ωi) · Fi > 0. By Corollary 4.10
NA(X) = NA(X)(KXi+Bi+(1−)ωi)≥0 +
N∑
j=1
R+[Γj]
where (KXi + Bi + (1 − )ωi) · Γj < 0. We decompose C = η +
∑
j∈J λjΓj
accordingly. Since α · C = 0, we may assume that α · Γj = 0 for all j ∈ J .
Since (KXi +Bi + (1− )ωi) ·C < 0, we may assume that J 6= ∅ and hence for
some j0 ∈ J , we have λj0 6= 0 and (KXi + Bi + (1− )ωi) · Γj0 < 0. Note that
Theorem 4.14 does not immediately apply since ωi is no longer nef, however
the only place that we use this in the proof of Theorem 4.14 is to conclude
that (KXi + Bi) · Γj0 < 0. Since αi · Γj0 = 0, it follows that ωi · Γj0 > 0
and hence that (KXi + Bi) · Γj0 < 0. Thus the proof of Theorem 4.14 still
applies verbatim and hence we obtain the corresponding divisorial or flipping
contraction. If we have a flipping contraction, the flip then exists by Theorem
2.18.
On the other hand if KXi + Bi is pseudo-effective, then the existence of µi
follows from Theorems 2.16, 2.17, 2.18 and 1.5. Note that αi+1 := µi,∗αi is
nef and big by [CHP16, Pro. 3.1, eqn. (5)], and ωi+1 := µi,∗ωi is a modified
Ka¨hler class by Lemma 2.36. This MMP terminates after finitely many steps
by Theorem 2.19, so assume that it terminates at φ : X 99K Xn. In particular,
every αn-trivial curve on Xn is (KXn +Bn)-non-negative, or equivalently, every
(KXn +Bn)-negative curve is αn-positive.
By Lemma 4.5, if Null(αn) contains a surface S, then S is Moishezon and
thus it is covered by a family of αn-trivial curves {Ct}t∈T . Since ωn is a
modified Ka¨hler class, ωn|S is big and hence ωn ·Ct = ωn|S ·Ct > 0. But then
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from 0 = αn · Ct = (KXn + Bn + ωn) · Ct it follows that (KXn + Bn) · Ct < 0,
this is a contradiction. Therefore Null(αn) is a union of curves.
Now let f : X ′ → Xn be a resolution of singularities of Xn. Then f ∗αn
is nef and big, and thus by [CT15, Theorem 1.1], the non-Ka¨hler locus is
EnK(f ∗αn) = Null(f ∗αn). If S ′ ⊂ EnK(f ∗αn) is a divisor, then by the
projection formula 0 = (f ∗αn)2 · S ′ = α2n · f∗S ′. Thus S ′ is f -exceptional,
since Null(αn) does not contain any surface, as proved above. Moreover, since
EnK(f ∗αn) is a proper closed analytic subset of X ′ (see [CT15, Theorem 2.2]),
it follows that Null(f ∗αn) is a finite union of curves and f -exceptional divisors.
But since Null(αn) ⊂ EnK(αn) ⊂ f(EnK(f ∗αn)), it follows that Null(αn) is a
finite union of curves. Then by Proposition 6.2 there exists a proper bimero-
morphic morphism µ : Xn → Z onto a normal compact analytic variety Z
contracting each curve in Null(αn) to a point and inducing an isomorphism on
the open sets Xn \ Null(αn) ∼= Z \ µ(Null(αn)).
Set ψ := µ ◦ φn : X 99K Z. We claim that ψ is a morphism. To see this, we
will use descending induction to show that the induced map ψi : Xi 99K Z is
a morphism. Note that ψn is a morphism as constructed above. Suppose that
we have already shown that ψi : Xi → Z is a morphism. If Xi−1 → Xi is a
divisorial contraction, then clearlyXi−1 → Z is a morphism and we are done by
induction on i. If on the other hand Xi−1 99K Xi is a flip, then let Xi → Zi−1 be
the flipped contraction. If Zi−1 99K Z is not a morphism, then by the rigidity
lemma (see [BS95, Lemma 4.1.13]) there is a flipped curve Ci ⊂ Xi such that
C = ψi,∗Ci 6= 0. Let W be the normalization of the graph of the induced
bimeromorphic map pii : Xi 99K Xn, and p : W → Xi and q : W → Xn are the
projections. Now by construction αi and αn are both nef classes. Moreover,
since pii : Xi 99K Xn is a composition of a finite sequence of αi-trivial flips
and divisorial contractions, by a repeated application of [CHP16, Proposition
3.1, eqn. (5)] it follows that p∗αi = q∗αn. Let CW ⊂ W be a curve such that
p∗CW = dCi for some d > 0 and Cn = q∗CW ⊂ Xn. Since ψn(Cn) = C, then
αn · Cn > 0. Then we have
0 = dCi · αi = CW · p∗αi = CW · q∗αn = Cn · αn > 0, a contradiction.
Therefore Zi−1 → Z is a morphism, and since Xi−1 → Zi−1 is a flipping
contraction, Xi−1 → Z is also a morphism. This concludes the proof that
ψ : X → Z is a morphism.
Next we claim that Z is a Ka¨hler variety with rational singularities and
there exists a Ka¨hler class αZ ∈ H1,1BC(X) such that αn = µ∗αZ . To this end,
first observe that (X,B) has Q-factorial klt singularities, and α = KX +B+ω
and ω are both nef and big classes. Now recall that µ : Xn → Z contracts
precisely the null locus Null(αn), and since this locus is 1 dimensional, µ
is αn-trivial. Since X 99K Xn is a sequence of α-trivial flips and divisorial
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contractions, it follows that ψ : X → Z is also α-trivial, i.e. the restriction of
α to every fiber of ψ is numerically trivial, so that α|Xz ≡ 0 for all z ∈ Z.Thus
−(KX + B)|Xz ≡ ω|Xz for all z ∈ Z. In particular, −(KX + B) is ψ-nef,
since ω is nef by hypothesis. Moreover, since ψ is a bimeromorphic morphism,
−(KX +B) is ψ-big. By Lemma 2.42, Z has rational singularities.
Now form Definition 2.2.(i) it follows that Z is in Fujiki’s class C. Then
by Lemma 2.8 there exists a (1, 1) class αZ ∈ H1,1BC(Z) (represented by a real
closed (1, 1) form with local potentials) such that αn = µ
∗αZ .
Next we claim that αZ is a Ka¨hler class on Z. Indeed, let V ⊂ Z be
subvariety of positive dimension and V ′ is the strict transform of V under µ.
By the projection formula we have (αZ)
dimV · V = (αn)dimV ′ · V ′ > 0, since V ′
is not contained in Null(αn). Then by Lemma 6.3, αZ is a Ka¨hler class on Z.
Finally notice that, since every step of the above MMP is α-trivial, from
the construction above it follows that α = ψ∗αZ . This completes the proof.

Corollary 6.5. Let (X,B) be a dlt pair, where X is a normal Q-factorial
compact Ka¨hler 3-fold. Let ω be a Ka¨hler class on X such that α := KX+B+ω
is nef and big. Then there exists a projective bimeromorphic morphism ψ :
X → Z onto a normal compact Ka¨hler 3-fold Z with rational singularities and
a Ka¨hler class αZ ∈ H1,1BC(Z) on Z such that α = ψ∗αZ.
Proof. First replacing B by (1− ε)B and ω by ω + εB for a sufficiently small
ε ∈ Q+, we may assume that (X,B) is klt. Then the existence of ψ follows
from Theorem 6.4. Finally, the projectivity of the morphism ψ follows from
the fact that −(KX +B) is ψ-ample, since −(KX +B)|Xz ≡ ω|Xz for all z ∈ Z
and ω is a Ka¨hler class.

Proof of Theorem 1.7. If α is nef but not big, then this is Theorem 5.5 and
Corollary 5.6. When α is both nef and big, it is Theorem 6.4 and Corollary
6.5. 
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